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£V 1. Introduction 

O 

This work is a sequel to [|24l . and it also draws on my older paper 11231 . Its aim is to prove 
that the break decomposition for a A-module with bounded ramification defined on a punctured 
(non-archimedean) disc - which was the main result of E4l - is already defined on a punctured 
disc of possibly smaller radius (here A is a suitable ind-finite ring : see (12.3.1 II) ). 

The significance of this refinement is better conveyed, if we restate it in terms of the category 

A[7r(»]-b.Mod 

of germs of A-modules with bounded ramification (around a given closed point z G P 1 : see 
(12.4.301 )); namely, it implies that A[7r(z)]-b.Mod is a tensor category with a Hasse-Arf filtra- 
tion, in the sense of Y.Andre's paper [Q]|. Thus, the tannakian machinery of HI is now available, 
to complete the classification of germs of modules with bounded ramification : see section [3731 
for some indication about the work that remains to be done, in order to achieve this goal. 

The plan of the proof is to chop such a module along its breaks, using certain operators 
(the local Fourier transforms), whose behaviour can be analyzed very precisely by a local-to- 
global method (the principle of stationary phase). Of course, all this is directly inspired by the 
article ETTl of G.Laumon, where the same sort of constructions are made, but in the world of 
fc-schemes, where k is a perfect field of positive characteristic. 

Chapter [2] implements the first step of this programme; namely we prove the main finiteness 
results concerning the (global) Fourier transform of modules with bounded ramification every- 
where on the affine line (on a non-archimedean field of characteristic zero), then we construct 
our local Fourier transforms and establish the principle of stationary phase. 

Chapter[3]completes the programme : our break decomposition is achieved in theorem l3.2.17l 
however, this is not the end of the story, since currently we do not even know how to classify 
the modules of break zero : what we know about this case is gathered in section [331 

l 
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The global Fourier transform used here is the same that was introduced in 112311 . and a con- 
struction of local Fourier transforms was also already attempted there, with modest success. 
However, 11231 was only concerned with a special class of examples (the modules with mero- 
morphic ramification), defined by an ad hoc condition, whereas now we are dealing with mod- 
ules with bounded ramification, which form the natural class for which a general study of local 
monodromy can reasonably be carried out. 

More generally, one may wonder whether the familiar tools of perverse £-adic sheaves and 
weight filtrations that Deligne introduced in his proof of the Weil conjectures, can be trans- 
planted in the setting of non-archimedean analytic geometry. We are still several key insights 
away from being able to answer such kind of questions; however, it is already clear that the 
condition of bounded ramification must intervene in the definition of any category of perverse 
sheaves which is stable under the usual cohomological operations, and under Fourier transform. 
For instance, the cohomology of a Zariski constructible module M on a quasi-compact analytic 
curve C has finite length, if and only if M has bounded ramification at every point of C . 

The article is structured as follows. In section [27T1 we introduce a wide class of etale coverings 
of analytic (more precisely, adic in the sense of R.Huber) spaces; the definition is actually found 
already in [1231 , but the current treatment is more general, systematic and tidier. 

Section [2T21 is devoted to the construction and basic properties of the vanishing cycles which 
later are used to define the local Fourier transforms. Again, this parallels what is done in [1231 , 
but many unnecessary complications have been removed, and some inaccuracy has been re- 
paired. Section [2731 recalls the (global) Fourier transform of [|23l ; the main new theorem here 
(theorem l2.3.30l) morally states that the Fourier transform of a sheaf with bounded ramification 
is a perverse sheaf with bounded ramification everywhere. (Except that we do not really try to 
define what a perverse sheaf is.) 

Finally, the local Fourier transforms are introduced in section |2~4l and our version of the prin- 
ciple of stationary phase is proved (theorem 12.4. 101) . These functors act on certain categories, 
whose objects should be thought of as representations of inertia subgroups (of the fundamental 
group of a punctured disc). In truth, in our situation these inertia subgroups are rather elusive, 
so the actual definitions are somewhat more complicated than in the algebraic geometric case : 
see (12.2.151) . The basic properties of the local Fourier transforms are then established in section 
13.11 : they are wholly analogous to the ones found in [12111 . The proofs are similar, but usually 
more difficult; partly, this is because we do not have a functorial local-to-global extension of 
representations of the inertia subgroups (in positive characteristic, the existence of such an ex- 
tension is a theorem of Gabber : see [fT9ll ). Instead, we rely on a theorem of Garuti ( lfT2T0 . which 
provides a non-functorial extension, on a Zariski-open subset of the affine line (see (I2.4.14I )). 
This suffices, up to some extra contorsions, to derive everything we need; however, it would be 
interesting to know whether Garuti's methods can be strengthened enough, to give a functorial 
extension which would be truly analogous to Gabber's theorem. 

Section [3T2l contains the proof of our break decomposition; with its help we may then also 
complete the analysis of the local Fourier transforms. 

We conclude with an application to the question of the localization of the determinant of 
cohomology. This refers to a problem, first proposed by Deligne in IfTTII . which can be stated as 
follows. Let C be a quasi-projective curve defined over a subfield K of an algebraically closed 
field K, and set G := Gal(K / K ); let also F be an £-adic lisse sheaf on C; then one wants to 
decompose the (^-representation 

det(RT c (Cx Ko K } F)) 

as a tensor product of local e-factors. The latter should be certain characters e(x, F) of G, 
attached to the points x of the compatification of C, and depending functorially on the local 
monodromy of F around x. Deligne was motivated by the related problem of the factorization 
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of the ^-constant appearing in the functional equation of the L-function associated to F when 
K is a finite field. And indeed, the latter arithmetic problem was later solved by Laumon in 
ll2n . by reducing it to the cohomological localization problem, and proving a version of the 
sought tensor decomposition in case where C is an open subset of the affine line over a finite 
field. 

More recently, there has been a renewed interest in this problem : for instance, the article 
establishes an analogue of Laumon's theorem for ^-modules over a field K of characteristic 
zero. Also, in Beilinson's paper [5| one finds a real-analytic counterpart, that actually works 
for manifolds of arbitrary dimension. And the very recent preprint H, also by Beilinson, es- 
tablishes a general formalism that allows to compare the deRham ^-factors from [|7] with the 
topological ones of [0. 

In section 13.41 we establish a p-adic analytic analogue of Laumon's formula, for the case 
where K is a local field of zero characteristic. This is, in some sense, an obvious application 
of our work, since the proof of ||2"TI uses the full apparatus of local Fourier transforms and 
stationary phase. However, I should stress that only now our theory has matured enough for 
such an application to lie within our grasp : neither the results of our previous [24], nor the 
rudimentary local Fourier transforms of [|23l would have sufficed in order to adapt the arguments 
of ED. 

We prove our tensor decomposition only for local systems of F^-modules (rather than £-adic 
sheaves, but see remark [3.4.241 ); on the other hand, we prove it for general local systems with 
bounded ramification on the analytic etale site of a Zariski open subset U of the affine line 
(heuristically, these sheaves correspond to holonomic ^-modules with arbitrary meromorphic 
singularities). This includes the category of local systems coming from the algebraic etale site 
of U (which correspond to ^-modules with regular singularities), and in this case we rejoin 
Deligne's original problem; our results appear to be new even for this special case, and even 
for this restricted class of sheaves, our proof employs essentially all the arsenal amassed in the 
previous sections. 

An unexpected feature of our decomposition, is that it takes place in the category of Galois 
characters that are semilinear with respect to a certain action of the Galois group of K on F^. 
We refer to remark l3~.4.23l for some observations concerning this kind of hybrid, partly p-adic, 
partly £-adic representations. 

Acknowledgements : I thank Roland Huber and Vadim Vologodsky for useful discussions. 
This work has been written during a few stays at the Max-Planck- Institut in Bonn, a visit at the 
Center for Advanced Studies in Beer-Sheba, and a three-month invitation at the Dipartimento 
di Matematica of the Universita di Padova. 

2. Harmonic analysis for modules with bounded ramification 

2.1. Locally algebraic coverings. Throughout this work, (K, \ ■ |) is a fixed algebraically 
closed valued field, complete for a rank one valuation and of residue characteristic p > 0, 
and we denote by K + the valuation ring of | ■ | . We shall use freely the language of adic spaces 
from |fT6ll , and we set : 

S := Sp&(K, K+). 

For a fT-scheme X locally of finite type, we let X ad be the adic space associated to X (this is 
denoted X x SpecK S in Q~5l Prop.3.8]). 

Definition 2.1.1. A morphism / : Y — > X of analytic S-adic spaces is said to be a locally 
algebraic covering, if the following holds. For every quasi-compact open subset U C X, 
the preimage f~ x U decomposes as the (possibly infinite) disjoint union of open and closed 
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subspaces, each of which is a finite etale covering of U. We denote by 

Cov alg (X) (resp. Cov loc - alg (X)) 

the full subcategory of the category of X-adic spaces, whose objects are the finite etale (resp. 
the locally algebraic) coverings. 

Remark 2.1.2. (i) It is immediate from the definition, that every locally algebraic covering is 
a separated morphism. 

(ii) It is easily seen that a fibre product Y\ x x Y 2 of locally algebraic covering spaces of X, 
is also a locally algebraic covering of X. If / : Y — > X is a locally algebraic covering, and 
X' —y X is any morphism of S'-adic spaces, then / x x lx' '■ Y x x X' — > X' is a locally 
algebraic covering. 

(iii) Likewise, if / : Z — > Y and g : Y — > X are locally algebraic coverings, then the 
same holds for g o f : Z — > X. And if (Yi — > X \ i £ I) is any family of locally algebraic 
coverings, then the disjoint union \J ieI Y { — > X is a locally algebraic covering as well. (These 
two properties do not hold for general etale coverings, defined as in [18, Def.2.1] : in loc. cit. 
the language of Berkovich's analytic spaces is used, but the definition and the proofs of several 
of the preliminary results can be repeated verbatim for adic spaces). 

(iv) Morever, let /j : Yi — > X, for i = 1,2, be two locally algebraic coverings, and g : Y\ — > 
Y 2 a morphism of X-adic spaces; then g is a locally algebraic covering of Y 2 . Indeed, let U C Y 2 
be a quasi-compact open subset; after replacing X by f 2 U, and Y{ by f^ l f 2 U (i = 1, 2) we may 
assume that X is quasi-compact, hence Y\ = [J aEl Z a for a family of finite and etale X-adic 
spaces Z a . Denote by g a : Z a — > Y 2 the restriction of g; we may write g Q = p a o s a , where 
p a : Z a x x Y 2 — > Y 2 is the projection (which is a finite etale morphism) and s a : Z a — ■> ZqXjI^ 
is the graph of which is a closed immersion, in view of (i) and a standard argument. Hence 
g a is a finite etale morphism. However, g~ l U = U a6 / 9a 1 U, and the foregoing shows that each 
g^U is a finite etale £/-adic space, whence the assertion. 

(v) If X is quasi-compact, we have a natural equivalence of categories : 

Ind(Cov alg (X)) A Cov loc ' alg (X) 

where, for a category c €, we denote by Ind(^) the category of ind-objects of ^ , defined as in 
E Exp.I, §8.2.4]. 

(vi) On the other hand, local algebraicity is not a property local on X : for instance, let E 
be an elliptic curve over K with bad reduction over the residue field of K + , and consider the 
analytic uniformization p : G m — > E. This is not a locally algebric covering of E, but there 
exist a covering = X x UX 2 by open (quasi-compact) subspaces, such that the two restrictions 
p^Xi — > Xj are both locally algebraic. 

Lemma 2.1.3. Le? 7 -> I a locally algebraic covering, and R an equivalence relation 
on Y which is represented by a union of open and closed subspaces ofY x x Y. Then the 
(categorical) quotient sheaf Y/ R is represented by a locally algebraic covering. 

Proof Let U' C U C X be any inclusion of open subsets of X, and suppose that both restric- 
tions (Y/ R)\u and (Y/R)m> are represented by morphisms Z — > U, respectively Z' — > U'; we 
deduce easily a natural isomorphism Z XuU' —> Z' , compatible with inclusion of smaller open 
subsets U" C U' . It follows that the lemma holds for the datum (X, Y, R) if and only if it holds 
for every datum of the form (U, f~ x U, R x x U) where U C X is an arbitrary quasi-compact 
open subset. Hence we may assume that X is quasi-compact. In that case, Y = {J i€l Yi for a 
family (Yi \ % £ I) of finite etale X-spaces, such that Yi is open and closed in Y, for every % £ I. 
For every finite subset S C I, let Y$ := U ieS Yi, it follows easily that Y is the (categorical) 
colimit of the filtered system of open and closed immersions Ys> — > Y$, where S' C S range 
over the finite subsets of /. For every such S, let R$ := R l~l (Y s x x Y s ). Then R is likewise 
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the colimit of the open and closed immersions R$' — > Rs for S, S' as above. Finally, Y / R 
(resp. Y s /R s ) is the coequalizer of the two projections R — > Y (resp. Rs — > Y s ); by general 
nonsense, we deduce that Yj R is naturally isomorphic to the colimit of the filtered system of 
open and closed immersions Ys'/Rs 1 — ► Ys/Rs- We are therefore reduced to showing that 
each quotient Ys/Rs is representable, hence we may assume from start that Y — > X is a finite 
etale covering. In this case, the lemma can be checked locally on X, hence we may further 
assume that X is affinoid, say X = Spa(A, A + )\ then there exists a finite etale A-algebra B 
such that Y = SpecB x Spec a X. Likewise, R — Z x spec a X for some open and closed 
equivalence relation Z C Spec 5 (gu S. We may then represent Y/ i? by the X-adic space 
(Spec B/Z) x SpecA X. ' ' □ 

2.1.4. Fix a maximal geometric point of X, i.e. a morphism £ : Spa(£7, E + ) — > X of S-adic 
spaces, where (£7, | • |) is a complete and algebraically closed valued field extension of K, with 
valuation group of rank one. To £ we associate a fibre functor 

F x>? : Cov loc ' alg (X) -> Set : (Y -> X) h-> Hom x (Spa(£, Y) 

(unless we are dealing with more than one adic space, we shall usually drop the subscript X, 
and write just F^). The locally algebraic fundamental group of X, pointed at £, is defined as 
usual, as the automorphism group of : 

7ri oc - alg (X,0 :=Aut(F € ). 

It is endowed with a natural topology, as in |[T8l §2]. Namely, for every pair of the form (Y, y), 
with Y a locally algebraic covering of X and y 6 F^(F), let H(Y,y) C 7r 1 oc ag (X, £) be 
the stabilizer of y (for the action on Fj (Y)); then the family J^ 5 of such subgroups is stable 
under finite intersections (by remark I2.1.2fi i)) and under conjugation by arbitrary elements 
7 G 7r^ ocalg (X, £), since r yH(Y,y)'y~ 1 = H(Y, 7 ■ y). Hence, there is a unique topology on 
7r°°' S (X, £) for which the family forms a fundamental system of open neighborhoods of 
the identity element. 

Arguing as in the proof of |fT8l Lemma 2.7] we see that 7ri oc alg (X, f) is Hausdorff and prodis- 
crete, and more precisely, the natural map : 

vrl oc - alg (X,£)^ lhx y rr l r^(X,0/H 

ri GJz 

is an isomorphism of topological groups (where the target is the (projective) limit computed 
in the category of topological groups). Also, the fibre functor can be upgraded, as usual, to a 
functor 

(2. 1 .5) F 5 : Cov loc - alg (X) -> 7rl° c - alg (X, f)-Set 

with values in the category of (discrete) sets with continuous left action of the locally algebraic 
fundamental group. The continuity condition means that the stabilizer of any point of such a 
set, is an open subgroup. 

Proposition 2.1.6. Let X be a connected analytic S-adic space, and £ a maximal geometric 
point of X . Then the functor (12.1.51 ) is an equivalence. 

Proof. Taking into account remark l2~.1.2t iii) and lemma l2T.3[ the proof of [fT8l Th.2.10] can be 
taken over verbatim : the crucial point is the following 

Claim 2.1.7. In the situation of the theorem, suppose that £ and £' are two maximal geometric 
points of X. Then there exists an isomorphism of functors F^ ^ F^. 

Proof of the claim. For every point x E X, let U(x) C X be the union of all the quasi-compact 
connected open neighborhoods of x in X. It is easily seen that U(x) nU(x') 7^ if and only 
if U(x) = U (x')\ since X is connected, it follows that U(x) = X for every x G X. Thus, we 
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may find a connected quasi-compact open subset U C A containing the supports of both £ and 
The restrictions of and Fy ^/ yield fibre functors 

Fgj, Fgj, : Cov alg (L0 -> Set 

which fulfill the axiomatic conditions for a Galois theory, as in ffT3l Exp.V, §4]; there follows 
an isomorphism of functors F^| F^|, ( lfT3l Exp.V, Cor.5.7]). In view of remark ET^ y), we 
deduce an isomorphism between the two fibre functors 

F^, Fu£ : Cov loc - alg (f/) -> Set. 

However, F X;5 = F^ o f and F x , e = F w o f, where j* : Cov loc - alg (A) -> Cov loc - alg ([7) is 
the restriction functor (for the open immersion j : U — > X). The claim follows. □ 

2.1.8. Let (G, ■) be a group; we denote by G° the group opposite to G, whose elements are 
the same as those of G, and whose composition law is given by the rule : (gx, g 2 ) i— > #2 • Pi 
for all <?i, <?2 ^ G. A ng/z? G-torsor (resp. a ng/z? G-principal homogeneous space) on X is, 
as usual, a sheaf F on (resp. a morphism Y — ► X of analytic adic spaces), with a group 
homomorphism G° — ► Aut(F) (resp. G° — > Autx00)> for which there exists a covering 
family (U — > A | i E I) in A^ t , such that the restriction F\ v . (resp. (C/j x x F — > C/j)), 
together with the induced right G-actions, is isomorphic to the constant sheaf Gu i (resp. is 
Ui -isomorphic to U x G) for every i E I. As usual, any right G-principal homogeneous space 
on A represents a right G-torsor, unique up to isomorphism. 

Lemma 2.1.9. Let f : Y — > X be a G-principal space on X&. Then the morphism of Y -adic 
spaces 

(2.1.10) YxG^Yx x Y : (y,g)^(y,yg) 

is an isomorphism. Especially, f is separated. 

Proof. Let F denote the G-torsor on X& represented by Y; then (12.1.101) represents the mor- 
phism of sheaves (p : FxG->FxFon X& given by the rule : (s,g) 1— > (s,sg). By 
assumption, there exists a covering family (£/,; — > X \ i E I) such that ipm t is an isomorphism 
for every i E I; hence (p is an isomorphism, and then the same holds for (12.1.101) . It follows that 
the diagonal immersion A Y /x Y x x Y can be identified to the closed immersion Y ^ Y xG 
which maps Y onto the closed subspace Y x {1} (where 1 E G is the neutral element); hence 
/ is separated. □ 

One defines left G-torsors, and left G-principal homogeneous spaces in the same way, except 
that instead of G° one has the group G. The set of isomorphism classes of right G-torsors on A 
is denoted 

H (A^ t , G). 

If G is abelian, this is a group, naturally isomorphic to the Cech cohomology group if 1 (A ( s t , G). 
By general nonsense, the latter is isomorphic to the cohomology group if 1 (A ( s t , G) calculated 
by injective resolutions ([2, Ch.II, Cor.3.6]). 

If G — ► G' is any group homomorphism, and F is a G-torsor on A, we obtain a G'-torsor 

G , 
F x G 

such that F x G'(Z) = (F(Z) x G') /G for any etale A-adic space Z (where G acts on F(Z) x G 
by the rule : (g, (s, g')) 1— > (s#, g~ l g')). This operation defines a natural transformation : 

H G) — ► H (A<s t , G'). 

Proposition 2.1.11. Lef G &e an ind-finite group (i.e. G ?s union of the filtered family & of 
its finite subgroups), X a S-adic space, and F a right G-torsor on X. Then : 
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(i) F is represented by a right G-principal homogeneous space Y — > X. 

(ii) If X is quasi-separated, Y — > X is a locally algebraic covering. 

(iii) If X is quasi-compact and quasi-separated, the natural map : 

cohmH^X^H) ^ H\X 6t ,G) 

is a bijection. 

Proof (iii): This is proved as in 11241 Lemma 4.1.2], which is a special case. Since one assump- 
tion is missing in loc.cit., we repeat briefly the argument here. 

One covers X by finitely many affinoids Ui, . . . , U n which admit finite etale coverings Vi — > 
Ui, such that F\y t is the trivial C7-torsor on Vi, for every i < n. The latter is endowed with a 
natural descent datum, given by a cocycle consisting of a locally constant function #j : V, X 
Vi — > C By quasi-compactness, such a function assumes only finitely many values; we may 
therefore find a finite subgroup H C G containing the image of all maps g i? and it follows 
that the isomorphism class of the restriction F^. lies in the image of H l (Ui : &, H). Lastly, the 
gluing datum for the C7-torsor F, relative to the covering (Ui \ i = 1, . . . ,n) amounts to another 
cocycle (g^ : Ui fl Uj — > G \ i, j < n) of the same type. Since X is quasi-separated, U,i fl Uj 
is again quasi-compact, hence again the class of Y is the image of some class in if 1 (X^ t , H'), 
for some finite group H' containing H. This shows the surjectivity of our map; the injectivity 
is proved in a similar way : details left to the reader. 

(i) : The assertion is local on X, hence we may assume that X is quasi-compact and quasi- 

H 

separated, in which case, by (iii), F ~ F' x G, for some finite subgroup H C G, and a i/-torsor 
F'; according to [fT6l §2.2.3], F is representable by a H -principal homogeneous space Yjj — > X. 

H 

It follows easily that F is representable by the C7-principal homogeneous space Y H x G. 

(ii) : If X is quasi-separated, the foregoing proof of (i) works on every quasi-compact open 
subset of X, and a simple inspection shows that the construction yields a locally algebraic 
covering in this case. □ 

2.1.12. Let X be a connected quasi-separated S-adic space, £ a maximal geometric point of X, 
G an ind-finite group, and / :7^Ia right C7-principal homogeneous space. By propositions 
12.1. llf ii) and 12.1.61 the isomorphism class of Y is determined by the fibre / _1 (£) together 
with its natural left 7r|° c ' alg (X, £) -action and right C7-actions, which commute with each other. 
Conversely, every set S endowed with commuting left 7r 1 oc ' ag (X, £)-action and right C7-action, 
such that moreover the C7-action is free and transitive, arises as the fibre of a right C7-torsor. 

In this situation, it is easily seen that the stabilizer - for the left 7r|° c ' alg (X, £) -action - of any 
point y E is an open normal subgroup H, and we obtain a group homomorphism : 

(2.1.13) 7rl oc ' alg (X,0/#^ G 

by assignining to the class 7J of any a G 7r|° c ' alg (X, £) the unique g e G such that a(y ) = y§-g. 

The effect of replacing y by a different point, is to change (12.1.131 ) by an inner automorphism 
of G; summing up, we deduce a natural bijection : 

H\X 6t ,G)/ A Hom Top . Grp (7rl oc - alg (X ! 0,G)/~ 

onto the set of equivalence classes of continuous group homomorphisms as in (12.1.131) (where 
G is endowed with the discrete topology), for the equivalence relation ~ induced by inner 
conjugation on G. Finally, under this bijection, the isomorphism classes of connected C7-torsors 
correspond precisely to the equivalence classes of continuous surjective group homomorphisms. 
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2.1.14. Let A be an ind-finite ring, X a connected S-adic space, £ a maximal geometric point 
of X, and F a locally constant A-module of finite type on X 6t . Set M := F^, denote by 

y.som A (M x ,F) 

the sheaf on X<s t whose sections on any etale X-adic space Z are the isomorphisms Mz —> F\z 
of A-modules on Z 6t . Clearly <fsomx{Mx, F) is a right C7-torsor, for G := AutA(M); by 
proposition ^. 1 . 1 If ii) it follows that F is trivialized on a locally algebraic covering g : Y — > X, 
corresponding to a certain open normal subgroup of 7r|° c ' alg (X, £). The natural map T(Y, F) — > 
M is an isomorphism, therefore the natural action of 7rj° c ' alg (X, £) on T(Y, F) (cp. (12.2.11 )) can 
be transferred to M. This action is continuous, i.e. the stabilizer of every element of M is an 
open subgroup. In this way we obtain an equivalence : 

(2.1.15) A x -Mod loc A A[7rl oc - als (X,0]-Mod f . cont F h-> F 5 

from the category of locally constant A-modules of finite type on X&, to the category of A- 
modules of finite type, endowed with a continuous linear action of 7rj° c ' alg (X, £). 

2.2. Vanishing cycles. For every e E \K X \, denote by D(z, e) the disc of radius e, centered at 
a iT-rational point z E (P^) ad . Then B(z, e) is an open analytic subspace of (P]^) ad , and 

B(z,e)* := B(z,e) \ {z} 
is an open subspace of D(z, e). Choose a maximal geometric point £ 6 ©(z, e)* and set 

:=7ri oc - alg (D(z, £ )*,0. 
Moreover, for every open subgroup H C n(z,e), choose a locally algebraic covering 

<p H :C H ^B(z,ey 

with an isomorphism F^(C^) 7r(z, e)/H of 7r(z, e)-sets (where Fg is the fibre functor as in 
(12X51) ). The family 

(C H \H cn(z,e)) 

is a cofiltered system of analytic adic spaces (in the terminology of [|T3l Exp.V, §5], this is a 
fundamental pro-covering of D(z, e)*). 

2.2.1. Let now A be an ind-finite ring such that p E A x , and / : X — > D(z, e) a morphism of 
analytic 5-adic spaces. For every open subgroup H C 77(2, e), let j# : l7# Xd( Z£ ) X — * X be 
the projection; set X := f~ l (z), and let z : X — > X be the closed immersion. To any lower 
bounded complex of A-modules on X<s t , we associate the complex of A-modules 

m> Vz ,e^ m ■= colim i*Rj H *f H ^' onX m . 

H(Ztt(z,e) 

We construct as follows an action of 7r(z, e) on the cohomology sheaves R % ^ Vz>e ^' of this 
complex. To begin with, let F be any sheaf on X 6t , and set 

F := colim J H *j* H F - 

HCTr(z,e) 

Let g E it(z, e) be any element, and H C tt(z, e) an open subgroup; the right translation action 
of g on ir(z, e) induces a bijection of pointed sets : 

n(z, e)/H A n(z, e)jg- x Hg : [ 7 #] h- \{ig)g- 1 Hg] 

which is clearly equivariant for the left action of n(z, e) on both sets, and therefore corresponds 
to a unique isomorphism of ~B(z, e)*-adic spaces : 

9h '■ Ch — > Cg-iHg 
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whence an isomorphism 

(2.2.2) F(U X D(Z)E) g H ) : F(U x B{z>£) C g -i Hg ) A F(C/ x 0[z>£) C H ) 

for every object U — > X of X 6t . Moreover, if H C H' for any other open subgroup if' C 
7r(z, e), we have a commutative diagram of S-adic spaces : 



whose vertical arrows are induced by the quotient map ir(z, e)/H — > ir(z, e) / H'. Therefore the 
automorphisms (12.2.21) . for fixed g and varying H, organize into a directed system. Suppose 
that U is affinoid; then, taking colimits, we obtain an automorphism : 

g(U) := colim F(U x D(z , e) g H ) : F(U) ^ F(U) 

(since U is quasi-compact and quasi-separated, the functor T(U, — ) commutes with filtered 
colimits). Clearly the maps g(U) for variable U, assemble to a well defined automorphism 

g:F^F 

which, for variable g, defines a left ir(z, e)-action on F (the controvariance of F transforms the 
right translation action into a left action). 

In case F is a sheaf of groups, it is clear that n(z, e) acts by group automorphisms on F. To 
define the action on R 1 ^! riz £ ^' , it suffices now to apply the above constructions to the terms of 
an injective resolution of '. 

Remark 2.2.3. With the notation of (12.2.11 ), notice that g H is the identity automorphism of Ch, 
whenever g e H. It follows that, for every geometric point x of X , the tt(z, e)-action on the 
stalk Fx is continuous in the sense of (12.1.141) . Hence, for every ieZ, the stalks of R 1 ^^^' 
are objects of the category 

A[7r(2;,£)]-Mod cont 

whose objects are all the A-modules endowed with a continuous action of ir(z, e). 

Proposition 2.2.4. In the situation of (|2.2.1I) . let g : Y — >• X be a morphism of analytic S-adic 
spaces, set Y := g^Xo, and denote by g : Y — > X the restriction of g. Let also (resp. 
W) be a lower bounded complex of A-modules on X$ t (resp. on Y&). We have : 

(i) If g is smooth, there exists a natural isomorphism : 

in the derived category D + (Fo,et , A) of lower bounded complexes of A-modules on Yo,et- 

(ii) If g is weakly of finite type and quasi-separated, there exists a natural isomorphism : 

WSt^iRgjr) ^ Rg^m^* in D+(X 0i6t , A). 

(iii) There is a spectral sequence : 

E™ := R p ^ VztE {J^ q ^') RP+ity^^'. 

(iv) The isomorphisms in (i) and (ii) induce n(z,e)-equivariant isomorphisms on the co- 
homology sheaves of the respective terms, and the spectral sequence of (iii) is ir(z, e)- 
equivariant. 
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Proof, (i): This follows easily from the base change theorem HH Th.4. 1.1(a)], applied to the 
cartesian diagram : 

C H Xm(z,s) y *- Y 



(2.2.5) C H x B{ZtE) g 



(ii): Likewise, this follows from (12.2.51) and ifTol Th.4. 1.1(c)] (since jjj is generalizing, and g is 
weakly of finite type and quasi-separated), together with the cartesian diagram : 




and again |[T6l Th.4. 1.1(c)] (since g is weakly of finite type and quasi- separated, and % is gen- 
eralizing). Notice here, that the functor Rg* commutes with filtered colimits, since g is quasi- 
compact and quasi-separated ( lfT6l Lemma 2.3.13(h)]). 

Finally, (iii) and (iv) are immediate from the construction. □ 

Lemma 2.2.6. In the situation of (12.21 ). let G be any ind-finite group. We have : 

colim H\C H &,G) = 0. 

HCtt(z,e) 

Proof. Let c G H 1 (Cn,et, G) for some Ch as above. The class c represents a right C7-torsor 
F on Ch,cu and by proposition 12. 1 . 1 U ii) we may find a connected locally algebraic covering 
Y — > Ch trivializing F. In view of remark |2.1.2r iii), there exists an open subgroup L C H 
such that Cl dominates Y, which means that the image of c vanishes in i/ 1 (C , L,ct? G). □ 

2.2.7. Let now e' E \K X \ be a value with e' < e, choose a maximal geometric point ^' G 
D(z, e')*, and let ir(z, e') be the automorphism group of the corresponding fibre functor on 
the locally algebraic coverings of D(z, e')*. 

As usual, the open immersion j : D(^, e')* — > ~B(z, e)* induces a group homomorphism 

(2.2.8) p : 7r(z,e') 7r(z,e) 

well-defined up to inner automorphisms; more precisely, p is induced by a choice of isomor- 
phism of fibre functors on Cov loc alg (D(^, ef) : 

(2.2.9) f^f e oj* 

where j* : Cov loc - alg (D(2, e)*) -> Cov loc - alg (D(2, e')*) is the restriction functor. Now, pick a 
fundamental pro-covering of B>(z, e')* : 

{C L \LCv(z,e f )) 

as in (12.21) . For every open subgroup H C 7r(z, e), the preimage p~ x H C 7r(z, e') is an open 
subgroup, and the induced injective map 

■n(z,e')lp- x H -> tt(z,£)/H 

corresponds to an open and closed immersion of D(z, e')-adic spaces : 

(2.2.10) C^-Cff x D(2j£) D(^ £ ')- 
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If F is any sheaf on X 6t , define F as in (12.2.11 ); let also X' : = f~ l I$(z, e'), and for every open 
subgroup L C n(z,e'), denote by j' L : C' L x^ Z) s)X{e') — > X(e') the projection. SetF' := F\ x >, 
and define : 

F':= colim J L JlF'. 

LCTr(z,e') 

Notice that, for every open subgroup H C tt(z, e), the morphism j'i H can be written as the 
composition of b H := X' Xd( z ^ 02.2. 101) and the restriction f H : C# Xufoe) -X 7 - *■ -X"' of iff- 
Then the unit of adjunction 1 — > bn*b* H yields a natural morphism : 

F\ X , ^ colim &M*b* H j%F' -> F' 

iTC7r(z,e) 

which is equivariant for the left action of 7r(^, e') defined above (where w(z, e') acts on Fin^e') 
by restriction of the ir(z, ^-action, via (I2.2.8I )). Finally, let JF' be a complex of A-modules 
on by applying this construction to the terms of an injective resolution of JF*, we deduce 
natural morphisms : 

R^n^' -> R^^^'x, for every z > 0. 

2.2.11. We wish now to "take the limit" for e — > 0, of the previous construction. To begin 
with, fix a strictly decreasing sequence (s n \ n E N) with e n e |K X | for every neN, and such 
that e n — > forn — > +oo. For every n E N, fix a geometric base point £ n of D(2, e n )* and a 
group homomorphism 

(2.2.12) n(z,e n+1 ) -> vr(2:,£: n ) 

as in (12.2.81 ), as well as a fundamental pro-covering of D(z, e n )* : 

(CP\Hcn(z,e n )). 

Suppose that we have a morphism of analytic 5-adic spaces / : X — > U)(z, e ), and a complex 
& % of A-modules on X&\ for every n E N, set 

X n :=r 1 D(^,e n ). 

In light of the discussion in (12.2.71 ), the foregoing choices determine a system of morphisms of 
A-modules on X ^ t : 

(2.2.13) R^ Vz>£n ^ Xn -> i?%, £n+1 ^f x „ +1 for every i, nGN. 

For each n e N, the group 7r(,s,£ n ) acts (on the left) on the n-th term of this system, and 
the maps are ir(z, £ n +i) -equivariant (for the action on the n-th term obtained by restriction via 
(I2.2.12I )). If we forget the group actions, we have for each i E N a direct system of A-modules 
on X 0i et> indexed by n E N, whose colimit shall be denoted simply 

With the notation of (12.2.11) . the unit of adjuction 1 — > 3h*3h induces, after taking the colimit 
over the subgroups H C ir(z, e), a natural morphism : 

J^* — > Rty Vz JP* for every complex JF* of A-modules 

whose cone shall be denoted : 

R%^'. 

Corollary 2.2.14. Assertions (i), (ii) and (iii) of proposition ^. 2. E still hold with R^ Vz e replaced 
everywhere by either R^ Vz or R^ nz . 
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Proof. To show assertion (i) for R^ Vz , it suffices to remark that, by general nonsense, the func- 
tors g* and g$ commute with arbitrary colimits; for assertion (ii), likewise the functors and Rg* 
and Rgo* commute with arbitrary filtered colimits ( lfT6l Lemma 2.3.13(h)]). Assertion (iii) is 
immediate. Finally, the assertions concerning R& Vz follow from the case of R^ Vz , since g* and 
Rg* are triangulated functors. □ 

Of course, the limit of the projective system (12.2.121 ) still acts on R 1 ^^^*; however, not 
much is known concerning this projective limit. Nevertheless, in certain cases it is possible to 
salvage a useful residual group action on R°^ Vz ^* and R°^ Vz as explained in the following 
paragraph. 

2.2.15. Namely, let F be a A-module on B>(z, £q)&, and suppose that there exists N 6 N, such 
that the restriction F' of F to D(z, £jv)lt * s a l° ca lly constant A-module of finite type. In that 
case, F' is determined, up to natural isomorphism, by the stalk F^ N endowed with its natural 
continuous n(z, £jv)-action. The latter is obtained as follows. According to (12.1.141) , F' is 
trivialized by some locally algebraic Galois covering Y — > H)(z, £jv)*, corresponding to a certain 
open normal subgroup L C n(z, e^). Then we have a natural isomorphism T(Y, F) A F$ N , 
and the quotient group ty(z,En)/L acts on T(Y, F) as explained in (12.2.11) . 

On the other hand, by inspecting the definitions, we see that the A-module R°^ rjz F[0] is 
computed as the colimit 

neN HCir(z,E n ) 

The first colimit does not change if we replace N by the cofinal subset of all integers n > N. 
Likewise, by (12.1.141) . we may moreover replace the filtered system of all open subgroups H C 
n(z,e n ) by the cofinal system of all such H with the property that F restricts to a constant 
sheaf on C^\ t . After these changes, notice that all the transition maps in the filtered system are 
isomorphisms, since each is connected. There follows a natural isomorphism : 

R°* Vz F[0} A Fs N 

especially we obtain a natural continuous ir(z, £Ar)-action on the above vanishing cycle. It is 
then convenient to introduce the notation 

K 

for the datum of R?^ nz F\fi\, viewed as an object of A[ir(z, £jv)]-Modf. con t. Finally, to eliminate 
the dependence on the choice of N, notice that the group homomorphisms (12.2.121) induce a 
direct system of categories and functors : 

(2.2.16) A[tt(z, e ft )]-Modf. cant -> A[n(z, e n+ i)]-Mod f . cont for every neN. 

We may therefore consider the 2-colimit 

A[7r(2;)]-Mod := 2-colim A[ir(z, £„)]-Mod f . cont . 

ngN 

Then, under the foregoing assumptions on F, we may regard F Vz as an object of this category, 
which should be thought of as a replacement for the category of continuous representations of 
the inertia subgroup which one encounters in the study of the local monodromy (around a given 
closed point) of etale sheaves on algebraic curves. 

Likewise, we may represent R°^ Vz F[0} as the cokernel of the natural map : 

F — > F 

which is a morphism in A[7r(z)]-Mod, provided we endow F z with the trivial ir(z, £o)-action. 
These mostly trivial observations shall be amplified later, starting with remark (|2.4.12| )(i). 
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Remark 2.2.17. Following standard conventions, we shall use the notation F Vz also for A- 
modules defined only on B>(z, e)| t : rigorously, this means that we replace F by, for instance, 
its extension by zero over the whole of U)(z, e). 

Proposition 2.2.18. In the situation of (12.2.1 II ), suppose that X — > B>(z, 1) is a smooth mor- 
phism, and let M be a A-module of finite length. Then we have : 



R l ^ Vz M x 



M Xo if i = 
otherwise. 



Proof. In light of corollary 12.2.141 we may assume that X = D(z, 1), in which case, notice 
that the open subspaces 0(z, e) C D(z, 1) form a cofinal system of etale neighborhoods of 
z E 0(2, 1). Since the stalk of a presheaf is isomorphic to the stalk of the associated sheaf, we 
are thus reduced to showing that the A-module 

colim colim H\C [ ^\ V M) 

neN HCTv(z,£ n ) 

equals M for i = 0, and vanishes for i > 0. The assertion for i = just translates the fact that 
Cff is a connected adic space, for every n G N and every open subgroup H C n(z, e n ). The 
case where i = 1 follows from the more precise lemma l2T2.6l 

The assertion for i > 2 can be deduced from |[T6l Cor.7.5.6] by a reduction to the case where 
A is a finite ring. However, it is quicker to reduce first to the case where A has finite length as 
a A-module, then to the case where A is a field (by an easy induction on the length of A), and 
then apply the Poincare duality of lemma |23.10r iii) : the details shall be left to the reader. □ 

Corollary 2.2.19. Suppose that X — > TS)(z, 1) is a smooth morphism, and let F be a locally 
constant A-module of finite type on X& t . Then : 

R$ Vz F = mD + (X ,A). 

Proof. By (12.1.141) . F is trivialized on a locally algebraic covering g : Y — >• X. Let g : 
g~ 1 X — > Xq be the restriction of g; clearly it suffices to show that g^RQ^F vanishes. The 
latter is an immediate consequence of propositions l2.2.4n ) and !2.2.18l and corollary 12.2. 14[ □ 

2.3. Fourier transform. We wish to recall briefly the construction and the main properties of 
the cohomological Fourier transform introduced in [|23l . To begin with, we remark that the 
logarithm power series : 

log(l + x) :=£(-!)». _ 

defines a locally algebraic covering 

log : O(0, 1") -> (A^) ad where 0(0,1"):= [j D(0,e). 

0<e<l 

Moreover, log is a morphism of analytic adic groups, if we endow (A}^) ad with the additive 
group law of (G a ) ad , and D(0, 1~) with the restriction of the multiplicative group law of (G m ) ad 
(more precisely, with the group law given by the rule : (x, y) 1— > x + y + xy, which is the 
"translation" of the usual multiplication, whose neutral element is € D(0, 1~)). 
The kernel of log is the group 

fXpOO := flpn 

neN 

of p-primary roots of of 1 in K; therefore O(0, l - ) represents a ^poo-torsor on (A^ ) ad , which 
we denote Jzf. 
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2.3.1. Suppose now that the multiplicative group A x contains a subgroup isomorphic to yU p oo 
(for instance, this holds for A := Fg, if t is any prime number different from p). Then, the 
choice of a non-trivial group homomorphism : 

ip : /ipoo — » A x 

determines a locally constant A-module, free of rank one on (A^ 



1 ^ad . 
et • 



:= JSf x A 

whose restriction to D(0, l~)et is a constant A-module. 

Let X be any S-adic space, and / £ &x{X) be any global section; we may regard / as a 
morphism of 5-adic spaces / : X — > (A^ ) ad , and then we may set : 

which is a locally constant A-module on X&. If /, g £ T(X, &x) are any two analytic functions, 
we have a natural isomorphism of A-modules : 

(2.3.2) J^(/ + </) A ® A j^fc). 

2.3.3. Let A and A' be two copies of the affine line (A}^) ad , with global coordinates x and 
respectively x'. Let also D and D' be two copies of the projective line (P^) ad , and fix open 
immersions 

a: A—> D oc : A' -»• D' 

so that D = A U {oo} and D' = A' U {oo'}. We use Jzf^ as the "integral kernel" of our operator; 
namely, the Fourier transform is the triangulated functor 

: D\A 6t ,A) - D 6 (^ t , A) F* i- i2pf(p*F" ® A J^(m»[l] 

where 

are the two projections, and m : A x s A' ^ (A^) ad is the dual pairing, given by the rule : 
(x, a?') i — ► x • x'. Especially, let 0' £ A' be the origin of the coordinate x' (i.e. s'(O') = in the 
residue field of the point 0'); then notice the natural isomorphism : 

(2.3.4) &(F')<y A RT C F' for every F* £ Ob(D b (A 6t , A)). 

It is shown in 11231 Th.7.1.2] that is an equivalence of categories; more precisely, let A" be 
a third copy of the affine line, with global coordinate x", and dual pairing 

m! : A' x s A" -> (A}J ad (x', z") i-> x' ■ x". 

We have a Fourier transform JFA : D b (A' 6t , A) — > D b (A" t , A) (namely, the "integral operator" 
whose kernel is Jz^(m')), and there is a natural isomorphism of functors : 

(2.3.5) ^ o J^F' ^ a»F"(-l) 

where (—1) denotes Tate twist and a : A ^ A" is (—1) -times the double duality isomorphism, 
given by the rule : x i— > —x". An immediate consequence of (12.3.41) and (12.3.51 ) is the natural 
isomorphism : 

(2.3.6) F'(-l)[-l] ^ RT C ^(F') for every F' £ Ob(D fe (A 6t , A)) 
where F * denotes the stalk of F* over the origin £ A of the coordinate x. 
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2.3.7. Moreover, commutes with Poincare-Verdier duality; the latter assertion is a conse- 
quence of the following. Define a second functor : 

: D b (A 6u A) - D b (A' 6t ,A) F* i- iy„(p*F' ® A J^(m))[l]. 

Proposition 2.3.8. 77ie natural transformation 

(deduced from the natural morphism Rp\ — > i?p'J w an isomorphism of functors. 

Proof. This is shown in [23, Th.7.1.6]. A "formal" proof can also be given as in a recent 
preprint by Boyarchenko and Drinfeld ( ifTOl Th.G.6]) : in order to repeat the argument in our 
context, one needs a version of Poincare duality for A-modules. We sketch the arguments in the 
following paragraph. □ 

2.3.9. To begin with, let R be any torsion ring, and / : X — ► Y a morphism of analytic pseudo- 
adic spaces which is locally of + weakly finite type, separated, taut, and of finite transcendental 
dimension; by |[T6l Th.7.1.1], the functor 

Rf:D + (X 6t ,R)^D + (Y 6t ,R) 

admits a right adjoint 

Rfl R) D + (Y 6t ,R)^D + (X 6t ,R). 

On the other hand, for any ring homomorphism R — > R', denote by px ■ D + (X^ t , R) — > 
D + (X(5 t , R) the restriction of scalars, and likewise define py\ then we have : 

Lemma 2.3.10. With the notation of (12.3.91) , the following holds : 

(i) There exists a natural isomorphism of functors : 

PxoRf\ RI) ^ Rf\ R) op Y . 

(ii) Suppose additionally that f is smooth of pure dimension d, and that R is a Z/nZ- 
algebra, where n GN is invertible in Gy; then there is a natural isomorphism : 

f*F'(d)[2d] ^ Rf {R) F' for every F* G Ob(D+(F 6t , A)). 

(iii) In the situation of (ii), assume that Y = S, and that R is an injective R-module (e.g. 
R is a field). Let F be a constructible locally constant R-module on X&; then there 
are natural isomorphisms : 

H 2d -i(X 6u J^om R (F } R x )(d)) A Horn (H% (X& , F), R) for every q G Z. 

Proof, (i): This isomorphism is not explicitly stated in lfT6ll . but it can be proved as in [@] 
Exp.XVIII, Prop.3. 1.12.1]. 

(ii) : Such isomorphism is established in [fT6l Th.7.5.3], for R = Z/nZ; the general case 
follows from this and from (i). 

(iii) is a standard consequence of (ii) : cp. ||T6l Cor.7.5.6]. □ 

2.3.11. Clearly our A is a Z/nZ-algebra, for a suitable n fulfilling the conditions of lemma 
I2.3.10r ii) (take n > such that n ■ 1 = in A). On the other hand, it is not clear to me whether, 
under our current assumptions, A is always an injective A-module. In order to apply lemma 
I2.3.10r iii) to a given A-module F, we shall therefore try to find a finite descending filtration 
Fil'F of F, whose graded terms gr l F are annihilated by residue fields of A. This is always 
possible, provided A is noetherian (since in this case A shall be also artinian). For this reason, 
henceforth we assume that A is a noetherian ind-finite ring such that p G A x . 
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2.3.12. Let X be any scheme locally of finite type over Specif, and F a A-module on the 
etale site of X ad ; recall that F is Zariski constructible, if for every x E X ad there exists a subset 
Z C X locally closed and constructible for the Zariski topology of X, such that x E Z ad , and 
such that the restriction of F is a locally constant A-module of finite type on the etale site of 
Z ad . We are especially interested in the Fourier transform of Zariski constructible A-modules 
with bounded ramification on To explain the latter condition, consider more generally, for 
a given ^-rational point z of Pj^- , a locally constant A-module F of finite type on B>(z, e)*; in 
E4l Cor.4.1.16] we attach to F its Swan conductor 

sw*(F,0 + ) E NU {+00} 

and following E4l Def.4.2.1], we say that F has bounded ramification around z, if sw^(F, + ) 
is a (finite) integer. Regrettably, the definition in loc.cit. assumes moreover that the stalks of 
F are free A-modules, but by inspecting the proofs, one sees easily that all the results of E4l 
§4.2] hold when the stalks are only assumed to be A-modules of finite length : the point is that 
the Swan conductor depends only on the class of F in the Grothendieck group of A-modules on 
D(z, e)*, hence we may reduce to the case where F is annihilated by a maximal ideal of A, by 
considering a descending filtration F D F\ D F 2 D • • • , where F i+ i = n«Fj for every i > 1, 
with xii C A a maximal ideal. (Such a filtration is compatible with the break decompositions of 
loc.cit.) 

2.3. 13. For instance, suppose that F has finite monodromy, i.e. F is trivialized on a finite etale 
covering B(z, e)*; in that case s\n\(F, + ) = 0, especially F has bounded ramification. In such 
situation, the p-adic Riemann existence theorem ([24, Th.2.4.3]) ensures that - after replacing 
e by a smaller radius - F is trivialized on a covering ofKummer type : 

B(z, e 1/d )* -> OO, e)* : x i-> x d . 

For this reason, we shall also say that such F is tamely ramified. 

2.3. 14. Let C be a smooth connected projective curve defined over Spec K, and F a A-module 
on the etale site of C ad ; assume that F is Zariski-constructible, so all the stalks of F are A- 
modules of finite length, and there exists an open subset U C C such that F restricts to a 
locally constant A-module on the etale site of U &d . For every x E C \ U, we may choose an 
open immersion ip x : O(0, 1) — > C ad of >S-adic spaces, such that </?(0) = x. Then we may define 
the Swan conductor of F at x as the integer 

sw^.(F,0+) :=swl(^F,0+). 

One verifies easily that this quantity is independent of the choice of (p x , hence we say that F 
has bounded ramification around x, if sw^.(F, + ) E N. One may calculate the Euler-Poincare 
charateristic of F, i.e. the integer 

2 

Xc (C,F) := £(-1)* • length A ^(Cet,F) 

8=0 

in terms of these local invariants. Indeed, denote by 1(F) the generic length of F, defined as 
length A (F^) for any (hence all) geometric point £ of £/ ad ; moreover, for every x E C \ U, let : 

a x {F) := 1(F) + sw^(F, 0+) - length^ 

where x is any geometric point of C ad localized at x; this is the total drop of the rank of F at 
the point x. With this notation, we have the following Grothendieck-Ogg-Shafarevich formula : 
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Lemma 2.3.15. In the situation of (12.3.141) . suppose that F has bounded ramification at all the 
points ofC\U, and that A is a local ring with residue field A. Then : 

Xc(C,F) = X c(C,Ac)-l(F)- < F )- 

x&C\U 

Proof. We may easily reduce to the case where F = j\ (Fmad), where j : U ad — > C ad is the open 
immersion. Moreover, using the additivity of the Swan conductor and of the Euler-Poincare 
characteristic, we may assume that A is a field (for a general A, one considers the rriA -filtration 
of F, where ttia C A is the maximal ideal). Then we may argue as in [17, Rem.10.6] : the 
details shall be left to the reader. □ 



2.3.16. In the situation of (12.3.121) . suppose that F has bounded ramification around z; then 
[|24l Th.4.2.40] ensures the existence of a connected open subset U C B(z, e)* such that U H 
0(2, 5)* ^ for every S G \K X \, and a canonical break decomposition of A[/-modules : 

F\v = ®F{>y) 

indexed by the group T := Q x \K*\, which we endow with the lexicographic ordering given 
by the rule : 

(q, c) < (q', d) & either q < q' or else q = q' and c > c' 
(there is a slight confusion in [|24l §4.2.39] concerning this ordering). The projection : 

is a homomorphism of ordered groups; we have F( 7 ) = unless 7^ > 0. The break decompo- 
sition is functorial : if ip : F — > G is a morphism of A-modules with bounded ramification, and 
U as above is chosen small enough so that both F\u and Gp admit break decompositions, then 
(p\u restricts to morphisms of A^-modules -F( 7 ) — > G( 7 ) for every 7 G T. 

Moreover, the break decomposition is well behaved with respect to tensor products : namely, 
if F and G have both bounded ramification, then the same holds for F ® a G, and for a suffi- 
ciently small U as above, and every 7, 7' G T, we have : 

niM\ j?M<* r(rJ\c- I (- F ®AG)(max( 7 ,7 / )) if 7^7' 

(2.3.17) F( 7 ) ®a C( 7 ) C j ^ (F ^ G)(p) otherwise _ 

Also, the break decomposition of Hohia(.F, G) is likewise related to those of F and G. 

Furthermore, if F is a locally free A-module, 7^ • rkA-F( 7 ) G N for every 7 G T (Hasse-Arf 
property); when F is only constructible, we have the identity : 

(2.3.18) sw*(F,0+) = ■ length A F( 7 ). 

The elements 7 G T such that F( 7 ) 7^ are called the breaks of F around z, and the integer 
length A F( 7 ) is called the multiplicity of 7. In view of (12.3.181) . it is convenient to define 

F\r) : = F( 7 ) for every r G Q+. 
The r G Q + such that F^r) 7^ are called the tj-breaks of F. 
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2.3.19. For instance, the A-module of (|2.3.1I) has bounded ramification at the point oo G 
D. Since J^, has A-rank one, obviously it admits a single break 7 around 00. More generally, 
let / G r(Aj f , ^a 1 ) be an algebraic function, and denote by o^f) G N the pole order of / at 
00; then has bounded ramification around 00, with a unique break of the form 

M/),c)eNx |ir x | cr 

where the value c depends only on the valuation of the leading coefficient of /, and on the 
largest power of p dividing Ooo(/). Indeed, this follows from [24, Lemma 4.2.6(i),(ii)] if / is a 
monomial f(T) = a-T n (for a chosen coordinate T, so that = Spec K[T}), and the general 
case is easily deduced, by writing / = f n + g, where f n is a monomial and deg T g < n := 
deg T /, and by applying induction on n, together with (|2.3.2I) and (|2.3.17l) . 

Now, let F be any A-module on D(oo, e)*, with bounded ramification around 00; set 

e{F) := J^r • length A F^(r) +^ length A F\r). 

r>l r<l 

For any a G X, let F [a] := F <8> A J^(m a )| D (oo, e )*, where m a (T) := aT G r(A^, taking 
(12.3.171) and (|2.3.18l) into account, we see that : 

sw^(F [a] , 0+) < e(F) for every aeK. 

We consider the subset 

d K (F) :={aeK\ sw^(F [a] ,0+) < e(F)}. 

We shall regard dx(F) as a subset of A'(K), via the identification K = A'(K) induced by the 
global coordinate x'. 

Remark 2.3.20. Notice that a G dx{F) if and only if (r) 7^ for some r < 1 (on a suitable 
U C O(oo, e)* as in (12.3.161) ). Especially, G djc(F) if and only if F\r) ^ for some r < 1. 

Proposition 2.3.21. WzY/z notation of (12.3.191 ), the following holds : 

(i) dx{F) is a finite set. 

(ii) TTzere exist : 

(a) a connected open subset U C D(oo, e)*, smc/i ?/W C/ n D(oo, 5)* 7^ /or every 
5e\K x \ 

(b) an J a natural decomposition of 'Ajj -modules : 
^=(0*V)J© I 0^ o] (r)® A ^(m_ a )|a] ©G 

\r>l / yaGd K (^) 1 "< 1 / 

where 

G:=F\l)n H^a) ^^(^la). 

(iii) 7f — > Fx — > F — > F 2 — > w any s/zort exact sequence of locally constant A-modules 
on D(oo, e)| t , we nave : 

d K {F)=d K {Fx)Ud K {F 2 ). 

(iv) Tjf F is a locally free A-module of finite type on D(oo, e)| t , //zen ; 

ciV(F v ) = {-a I a G d*r(F)} w/We F v := J?om A (F, A D(oo , £) ). 
Proof. For any finite subset Ecif, let 

G s := F*(l) n C\(Ff a] (l) ®a ^(m- a )\u) 

where the intersection is taken over a sufficiently small open subset U, fulfilling condition (a). 
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Claim 2.3.22. For every b G K \ E, we have (on a suitable open subset U) : 

G s = ^0 F*](r) ® A J^(m_ 6 )|^ © G 2uW . 
Proof of the claim. On the one hand, we may write : 

(2.3.23) = (^Ff b] {r)0 A ^(m- b )\J\ © ((^,(1) ® A ^{m- h )\ V ) n 
On the other hand, notice that : 

(2.3.24) Ff b] (r) © A <= C7 S for every r < 1. 
Indeed, (12.3.241 ) is equivalent to the family of inclusions : 



>>A 



^ip{fna-b)\u C ^(l) f° r every a G E and every r < 1 



which hold, since a — b ^ for every a G E. The claim follows straightforwardly from (12.3.231 ) 
and (12737241 " 

Using claim !2.3.22l we deduce, by induction on the cardinality of E, the decomposition : 

F \u= (0*V)) ® (00^a](O®A^(m_ a >| t r) ©C7 E 

\r>l / VaeS r<l J 

for every finite subset E C A' such that G E (on a suitable {7, dependent on E; see remark 
12.3.201) . However, it is easily seen that a G (Ik(F) if and only if there exists r < 1 such that 
F\ a ]( r ) 0- Since F is a locally constant A-module of finite type, assertion (i) is an immediate 
consequence, and we also see that G = Gd K (F)- 

Finally, (iii) is an immediate consequence of the additivity and non-negativity properties of 
the Swan conductor and (iv) is straigthforward from (12.3.21) . □ 

2.3.25. Let now K C L be an extension of algebraically closed non-archimedean fields with 
rank 1 valuations; denote by 

n L : D(oo, e)x s Spa(L, L + ) -> D(oo, e) 

the projection. In view of ll24l Lemma 3.3.8] we have sw^n^F, + ) = sw^(F, + ), hence 
-k* l F has bounded ramification, and we may consider the set d^ir^F). With this notation we 
have : 

Corollary 2.3.26. d L (n* L F) = d K (F). 

Proof. Let A' L := A' x s Spa(L, L + ) and denote by n' L : A' L — > A' the projection; under the 
natural identifications K = A'(K) and L = A' L (L), the inclusion K C L corresponds to the 
map 

A'(K)^A' L (L) : x^n' L -\x) 

and the assertion means precisely that d^ir^F) = n^di^F). Taking into account proposition 
|2.3.2ir i), it then suffices to show that, for every a G L\K, there exist an infinite subset E C K 
such that 

(2.3.27) sw^((7r2F) [a+x .]) = sw^^F)^ for every x G E. 

To this aim, we may assume that L is the completion of the algebraic closure of K(a) ( 11241 
Lemma 3.3.8]); in this case, we will exhibit, more precisely, an infinite subset E C K, and for 
every x G E, an isometric F-automorphism a x : L — > L such that a x (a) = a + x. Then a x will 
induce an automorphism a' x of A' L such that 

ir' L ocr' x = tt' l and a'*^(m a ) ~ S^(m a+X ) 
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from which (12.3.271) follows straightforwardly. 

Claim 2.3.28. Let (E, \ • \p) be any complete non-archimedean valued field, (E a , \ ■ \e») a fixed 
algebraic closure of E, and a an isometric automorphism of E. Then a extends to an isometric 
automorphism of E a . 

Proof of the claim. This is presumably well known : by Zorn's lemma, we may find a maximal 
subextension F C E a such that a extends to an isometry ap : F A F' (where F' C E a as 
well). We claim that F = E & \ indeed, if x E E a -\F, let P be the minimal polynomial of x 
over F, P u the polynomial obtained by applying ap to all the coefficients of P, and x' any 
root of P a ; we may extend ap to an isomorphism ap : F[x] — > F[x'\ by mapping x to x' . 
Notice now that the spectral norms of F[x] and F[x'] agree with the restriction of | • \e* ( E4l 
Lemma 1.1.17]), and on the other hand, a F clearly preserves these spectral norms; therefore 
op is an isometry | • |#a) — > (F[x'}, \ ■ |^a). By maximality, we must have F[x] = F, a 

contradiction. We leave to the reader the verification that (T a (_E' a ) = E & . 

Now, the norm | • \ L of L corresponds to a maximal point of Spec K[a) x SpccK S. According 
to the classification in [8, §1.4.4], such point can only be of type (2), (3) or (4). We will show 
show that, in either of these cases, there exists p a E \K x | such that the A"-automorphism uj x 
of K[a] given by the rule a i— > a + x is an isometry for the norm | • |l, whenever x E K and 
|x| < p a . In view of claim [23.281 this u x will extend to an automorphism a x of L as sought. 

Indeed, points of type (2) and (3) arise from the sup norm on a certain disc D(xo, p) '■ in these 
cases, it is easily seen that p a := p will do. Likewise, a point of type (4) arises from a family 
{D(xi, p^ | i E 1} of embedded discs; the infimum of the radii p^ must be > 0, otherwise a 
would be of type (1); then we may take p a equal to this infimum. □ 

2.3.29. Let U C A be a Zariski open subset {i.e. U = K ad for some open subset V of the 
scheme A^), F a constructible and locally constant A-module on U<s t , and j : U — > A the open 
immersion. Set F' := ^(j*F) and U' := A' \ d K (F). 

Theorem 2.3.30. In the situation of (12.3.291) , suppose moreover that F has bounded ramifica- 
tion at all the (finitely many) points of D\U. Then : 

(i) M' 1 {F') is a constructible A-module, and its support is contained in cIk(F). 

(ii) J4?°(F') restricts to a locally constant A-module on Ui t , and has bounded ramification 
at every point of dx(F) U {oo'}. 

(iii) 3tf*(F') = for every i E Z \ {0, 1}. 

(iv) FF l $ Vz F' = for every z E A'(K). 

Proof. Assertion (iii) is obvious. 

(i): For F and F' as in the theorem, let S(F) denote the support of M ?1 {F')\ by |[T6l 
Cor.8.2.4], M >% {F") is an overconvergent A-module for every % E Z, especially, E(F) is the 
set of all specializations (in A') of the subset £ (-F) °f a ^ me maximal points of A' lying in 
Now, let a E ^o(F) be any point, and (L, \ ■ \l) the algebraic closure of the residue 
field of a; after base change along the natural morphism Spa(L, L + ) — > S, we may assume that 
L = K (corollary 12.3.261) . in which case the condition Jf 1 (F') a ^ means that 

(2.3.31) H 2 c {U,F® h ^{m a ) w )^^. 

Let — > Fi — > F — > F 2 — > be a short exact sequence of A-modules on U&\ from (12.3.311 ) 
it is clear that E(F) C U S(F 2 ). In view of proposition 12.3.2 If iii), we reduce to prove 

assertion (i) for F x and F 2 . Especially, if n C A is any maximal ideal, assertion (i) for F follows 
from the same assertion for nF and F/nF; hence, an easy induction on the length of A reduces 
to the case where A is a field. In this case, lemma l23.10r iii) says that (12.3.311) is equivalent to : 

H°(U, F v ® A ^(m_ )) where F v := J^om A (F, A v ) 
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especially (F v )[_ a] (0) ^ 0, and therefore -a G d K (F v ) (remark &3?2B, whence a G d K (F), 
according to proposition |2.3.2ir iv). This shows that S (F) C d K (F), whence (i), in view of 
proposition |2.3.2ir i). 

(ii): Let (p n | n G N) be an increasing sequence of values in \K*\, such that p n — > +00 for 
n — > +00, and such that A \ U C ©(0, po)- For every n£l, let j n : D(0, p„) — > A be the open 
immersion, and set 

H n := ^°(^(j n!j :F)). 
Claim 2.3.32. i7 n C i? n +i f° r every n G N. 

Proof of the claim. The assumption can be checked on the stalks, hence let a G A' be any point; 
set 

V n := p'- x (a) n (O(0, Pn ) x 5 A') and Z n := K+i \ K- 

The assumption on p implies that the restriction of L := p*F ®a ^v( m ) * s l° cai ly constant 
on the etale site of the pseudo-adic space (A x s A', Z n ). However, let i a : Z n — > V^+i (resp. 
ja : V n — > V n+ i) be the closed (resp. open) immersion of pseudo-adic spaces; we have a short 
exact sequence of A-modules on(Ax s A', V n+ i) 6t : 

— > ja!-^|y n — > ^|y„+i — >■ ia*L\ Zn — > 
whence, by ifTol Cor.5.4.8], a cohomology exact sequence : 

Hc(Z n , L) — ► i? n)(l — ► H n+ i a . 
Since Z n is not proper over 5, the left-most term vanishes, and the claim follows. 

Claim 2.3.33. Let X be an adic space, locally of finite type over S, and G, := (G n \ n G N) 
a direct system of constructible A-modules on with injective transition maps G n — > C7 n+1 
(for every n G N). Suppose that : 

(a) the colimit G of the system G, is overconvergent; 

(b) there exists / G N such that length A C7^ = / for every geometric point £ of X. 
Then G is a locally constant A-module of finite type on X&,. 

Proof of the claim. Let x G X be any point, and x a geometric point of X localized at x; since 
G^has finite length, we may find n G N large enough, so that C7 niS = C7^. By assumption, there 
exists a locally closed constructible subset Z C X containing x, and such that G n restricts to a 
locally constant A-module on after shrinking Z, we may then assume that the stalks G n £ 
are isomorphic to G n ^, for every geometric point £ of Z. Let £ be any geometric point of Z; by 
assumption C7 n ^ C G m ^ for every m > n, therefore / = length A G n ^ < length A C7 m ^ < I. It 
follows that G n £ = G m £, hence G n \ z = G m \ z for every m > n, so finally G\ z = G n \ z . This 
shows that G is constructible, and then the claim follows from [fT6l Lemma 2.7.1 1]. 

Clearly J$?°(F') is the colimit of the direct system (H n \ n G N), which consists of con- 
structible A-modules, according to [fT6l Th.6.2.2]. On the other hand, (i), (iii) and lemma l23.15l 
easily imply that the length of the stalk J^f°(F')^ is constant for £ ranging over the geometric 
points of U' whose support is a maximal point, hence also for £ ranging over all the geometric 
points of U', since - as it has already been noted - J^f°(F') is overconvergent. Then the first 
assertion of (ii) follows from claims [273.321 and 12.3.331 Finally, (i), (iii) and (12.3.61 ) imply that 
the Euler-Poincare characteristic of J$?°(F r ) is finite, hence its Swan conductor at every point 
of d K (F) U {00'} is finite, in view of lemma l2.3.15[ therefore J4?°(F') has bounded ramification 
everywhere. 

(iv): In view of (iii) we have R^ 1 ^' l ^ nz J^ ?l {F') = for every z G A'(K) and every i ^ 0, 
hence we are reduced to showing that R~ 1 ^ Vz J4?°(F') = (propo sition 12 . 2 . 4f iii) and corollary 
12.2. 141 ). In view of (ii), (and corollary 12.2.191 ) the assertion is already known for every z G 
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U'{K) . Hence, we may assume that z G dx(F), in which case we have to prove that the natural 
map J4?°(F') Z — > J4? (F') Vz is injective. The latter will follow, once we have shown that 
H°(A' 6t , Jt°(F')) = 0. Again by (iii), this is the same as showing that H°(A' 6t , F') vanishes, 
which holds, due to (12.3.61) . □ 

Remark 2.3.34. (i) For a G K = A(K), let i a : S — > A be the closed immersion with 
image {a}, and 7r : A — > S the structure morphism. If G* is any object of D + (S&, A), a direct 
computation yields a natural isomorphism : 

^{i a *G*) A tt*G" ® A J^(a ■ z')[l]. 

(ii) In the situation of (12.3.291 ), let iJ be a Zariski constructible A-module on A&, such that 
j*H is locally constant on and has bounded ramification at the points of D \ U. Notice that 
the kernel and cokernel of the unit of adjunction H — > j*j*H are direct sum of sheaves of the 
form i a *G (for various A-modules G, and with a running over the points of A \ U). Since J^, 
is a triangulated functor, it follows easily from (i) that theorem \2 . 3 .30r i) ,(ii) still holds with F' 
replaced by ^(H). 

(iii) On the other hand, in the situation of (ii), we have in general J^f l (^^(H)) = only for 
z G Z \ {-1, 0, 1}. More precisely, J f" 1 = if and only if T c (A 6t , H) = 0, and in 
this case, also assertion (iv) of theorem [2.3.301 still holds. 

We point out the following result, even though it will not be used in the rest of this work. 

Proposition 2.3.35. Let j : U — > A be a Zariski open immersion, and F a locally constant 
A-module on with bounded ramification at all points of D\U. Suppose that F does not 
admit any subquotient of the type (xa)\u ® a A, where A is any residue field of A, and a G K 
is any element. Then there exists a Zariski open immersion j' : U' — > A', and a locally constant 
A-module G on U' it such that JP^jiF) = j^G[0]. 

Proof. First, we prove that J^f l ^(j\F) = for i ^ 0. Indeed, by virtue of remark l23.34f iii). 
the assertion is already known for all i ^ 0, 1; hence it suffices to show : 

Claim 2.3.36. Under the assumptions of the lemma, we have H%(U&,, F ®a J%/,(xa)) = for 
every a G K. 

Proof of the claim. Notice that F satisfies the assumptions of the lemma, if and only if the 
same holds for F ®a J%/,{xa), for every a G K. Hence, we are reduced to showing that 
H^(Uct, F) = 0. Since A is artinian, we may assume that A is local, say with maximal ideal 
m. Set F := F/mF; under our assumptions, F does not admit constant quotients, hence 
H°(Uet,J^om A (F,A/mA)) = 0, and therefore H%(U&,T) = 0, by Poincare duality (lemma 
|2.3.10r iii)). This easily implies that the natural map a : H%(U&, mF) — > H^(U &t , F) is surjec- 
tive. Now, let ti, . . . , t k be a system of generators m; we may then define a map of A-modules 
P • p® k p m obvious way, with image equal to mF. It follows easily that the image of a 
equals the image of the induced map H^((3) : H^(Uet, F)® k — > H^(Ue t} F); however, the latter 
is just mH^(Uct, F). By Nakayama's lemma, the claim follows. 

By theorem r2.3.30r ii), there exists a Zariski open immersion j' : U' — > A', such that G : = 
j'*Jf°^^(j\F) is a locally constant A-module, with bounded ramification at all the points of 
D' \ U'. Let C denote the cone of the natural morphism ^(j\F) -> j'*G[0). Then = 

for every i ^ —1,0, and C is supported on finitely many F-rational points. In view of remark 
I2.3.34f i). it follows easily that J^,(C) is concentrated in degrees —2, —1, and we have an exact 
sequence : 
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whose first (resp. third) term vanishes, due to theorem r2.3.30r iii) (resp. due to (12.3.51) ); hence 
the middle term vanishes as well. Likewise, we have an exact sequence : 

However, remark l2~.3.34r i) also implies that Jt? -1 j^(C) is a quotient of a sum of A-modules of 
the type (xo), for various a E K; under our assumptions, it follows that the map (5 vanishes; 
furthermore, J?- 1 ^(j'jGPfi = 0, again by theorem l2330U ii). Therefore ^"^(C) must 
vanish as well, so that &L{G) = 0, and finally C = 0, whence the assertion. □ 

2.4. Stationary phase. Keep the notation of (12.3.31 ), and let e E |fT x | be any value; set 

X(e) := D x s B(oc', e) C D x s D' 

and denote by p £ : X(e) D,p' e : X(e) — > D(oo', e) the projections; here the radius e is 
meant relative to the global coordinate x' on A'; in other words : 

(2.4.1) D(oo',e) = {oo'} U {6 G A' | |a/(6)| > 1/e}. 

The vanishing cycle construction of (12.2.11) applies to the current situation, and yields functors : 

i?* WKS : D + {X(e) 6t , A) -> A[tt(oo', e)] D -Mod for every i E N. 

(Where A[7r(oo / , ejjc-Mod denotes the category of A-modules on D 6t , endowed with a linear 
action of 7r(oo', e); notice that Pg _1 (oo') is naturally isomorphic to D.) Let also 

JS?^(m) := (a x 5 a')\^(m) 

which is a A-module on the etale site of D x s D'. The following result is the counterpart of the 
"universal local acyclicity" of [|2T1 Th.1.3.1.2]. 

Theorem 2.4.2. Let F be a A-module on D& t , and j : U — ► D an open immersion such that 
j(U) C A and j*F is a constructible locally constant A-module on U$f Then 

j*m Voclt£ {p*F ® A ^ip(m) lx{£) ) = in D(C4 t ,A). 

Proof. Suppose that — > Fj — >• F — > F 2 — >• is a short exact sequence of A-modules on A^ t , 
such that is locally constant, for % = 1, 2; since R^ v l;E is a triangulated functor, it is clear 
that the stated vanishings for Fx and F 2 imply the same vanishing for F. Since A is a A-module 
of finite length, an easy induction allows then to reduce to the case where A has length one, i.e. 
we may assume that A is a field. 

Set G : = p*F ®a =2'v( m )l^(e)' choose a fundamental pro-covering (C# | H C 7r(oo', e)) 
of D(oo', e), and for every open subgroup H C 7r(oo', e) let G H := Rjh*3h^ (notation of 
(12.2.11) ). We will show more precisely that j*Gn = for every such H . 

Notice first that jn is partially proper, and both p*F and J£^{m) restrict to overconvergent 
A-modules on the etale site of pJ x U, hence J^ >l j*GH is overconvergent for every i 6 Z, and it 
suffices to show that : 

^ % {Gh)z = for every maximal point z E U and every i e N. 

Fix such a maximal point z E U; in view of [fT6l Prop. 2.4. 4, Lemma 2.5.12, Prop.2.5.13(i)], 
the point (z, oo') E U x s B(oo', e) admits a fundamental system of etale neighborhoods of the 
form 

V x s D(oo', 5) for every V E "V and every 5 E \K X \ with 5 < e 

where "V is a fundamental system of quasi-compact etale neighborhoods of z in Moreover, 
since z is maximal in U, we may assume that the structure morphism q v : V — > U induces a 
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finite etale covering V — > qv(V), for every V G "V (QUI Prop. 1.5.4, Cor. 1.7.4]). For every 8 as 
above, let C H (5) :— C H x D (oo',£) D(oo', 5). It follows easily that : 

J^HGiAz ^ colim colim H\V x s C H (5),f H G). 

o<s<£ v<=y 

Up to replacing V by a cofinal system, we may assume that F\ v is a constant A-module for 
every V G "V , in which case - since A is a field - F\ v is the direct sum of finitely many copies 
of A{/. We are then easily reduced to the case where Fp = Ajj, therefore G = j£f^(mW( £ ). 
Fix any V G "V; we shall show more precisely that there exists 8 > small enough, so that : 

H\V x s C H (5),^(m)) = for every 5 G \K X | with 5 < 5 and every i G N. 

For every 5 as above, denote by q s : V x s C H (5) — > C H (5) the projection; clearly it suffices 
to show that Rq^££^(yn) = for every sufficiently small <5 > 0. However, g,; is a smooth, 
separated and quasi-compact morphism, therefore, for every % G N the A-module R l qs*<$?ip(m) 
is constructible on the etale site of Ch{$) ( Ifl6l Th.6.2.2]); the latter is locally of finite type over 
S, hence the subset of its maximal points is everywhere dense for the constructible topology 
(031 Cor.4.2]), so we reduce to showing that (R l qs*J?ip(m)) a = for every sufficiently small 
5 > 0, every i G N and every maximal point a G Ch{S). Given 5 > as above, and a maximal 
point a G Ch{$), let (L, \ ■ \l) be the algebraic closure of the residue field of a, with its rank 
one valuation; after base change along the natural morphism Spa(L, L + ) — > S, we may assume 
that L = K, in which case the image b G B(oo', 5)* of a is a ^-rational point. Moreover, let 
i a ■ q$ l {a) -*^x s Ch{8) be the immersion; |[T6l Th. 4. 1.1(c)] says that 

where m b : A (A^) ad corresponds to the global section bx G @a{A) (recall that x is a fixed 
global coordinate on A; also, 6 is here identified to an element of K x , via the global coordinate 
x', especially, |6| > 1/5). By lemma [2T3.10r iii), it is clear that 

(2.4.3) H l (V&, J%p(m b }) = for every i > 1 and every 5 > as above. 

To deal with the cases i = 0,1, we shall compute explicitly the Euler-Poincare characteristic 

2 

X (V,^(m b )) := ^(-l) 1 ■ length A H\V 6t ,^(m b )). 

i=0 

Let us remark that 

(2.4.4) Rq Vif ^(m h )\ qv(y) ~ qv*^(m b )\ qv{V ) - ^(mb)\ qv {V) ®A <?v*A y . 

We may write q v (V) = U>(y , p ) — UILi ^(Vh Pi) where yo, . . . , y n G U are certain ^-rational 
points, and p , • • • , pn G |lf x |, with p» < p and : 

(2.4.5) E(y i; pi) := {y e A\\(x — yi)(y)\ < Pi} for every i = 1, n. 
Clearly we may assume that E(?/i, pj) fl E (?/.,•, p^) = for i ^ j, in which case 

■n 

(2.4.6) x(5y(V), A) = x(P(vo,Po), A) - ^ a), A) = 1 - n 

i=l 

(where - for any locally closed constructible subset M of A - we denote by x(M, A) the Euler- 
Poincare characteristic of the constant A-module A M on M 6t ). On the other hand, let V be 
the topological closure of V in A; then V \ V = {w , . . . ,w n }, where {u> } U D(y 0) Po) is 
the topological closure of U)(yo, po), and E(?/j, p.j) \ {wi} is the interior of E(y i; pj), for every 
i = 1, ... ,n. To the A-module qy*Ay and each point u>j, the theory of IfTTl associates a 
sequence of breaks 

Pn, ■ ■ ■ , Pimi g r Wi <g> Z Q 



HASSE-ARF FILTRATIONS IN p-ADIC ANALYTIC GEOMETRY 25 

where T Wi is the valuation group of the residue field of wf, likewise, every stalk i^(mi,} Wj is a 
rank one A-module, hence it admits a single break Q!j(6). Define the group homomorphism 

h : T Wi ® z Q -> Q 

as in [fT7l §1]. With this notation, we have the following : 

Claim 2.4.7. There exists 5q G \K x \ such that : 

(i) > oti(b) for every i = 0, . . . , n, and every j = 1, . . . , 

(ii) tJQ« (&) = 1 and feo^fr) = -1 for every z = 1, . . . , n 
for every b e K x with |6| > l/5 . 

Proof of the claim. Everything follows easily from [fT71 Lemma 9.4]. 

In light of (|2A4l) . claim |232£i) and El §8.5(ii)], we deduce that - whenever \b\ > 1/6 Q - 
the value ai(b) is the unique break of the stalk qv*3%p(mb) Wi . Moreover, claim l2.4.7t ii) already 
ensures that : 

(2.4.8) H°(V 6t , S^(m b )) = for every b G K x with \b\ > 1/S . 

Furthermore, let d be the degree of the finite morphism qy\ claim l2A7f ii). (12.4.61) . and ifTTl 
Cor.8.4(ii), Lemma 10.1, Cor. 10.3] yield the identity : 

x(y,Sf^(m b )) = xi,qviy),q v ^ i ,{m b )) 

= d ■ x(<lv(V),A) - d ■ J2Z=o h a i( b ) 
= d-(l-n)-d-(l-n) = 

whenever |fe| > 1/S . In view of (12.4.31 ) and (12.4.81 ), we deduce that H x (y&, ^^(m b )) vanishes 
as well, and the theorem follows. □ 

2.4.9. For every z G D{K) — K U {oo}, as explained in (12.1.141) . the choice of a maximal 
geometric point £ 2 of ©(z, e)* induces an equivalence : 

t z : A[vr(2;,£:)]-Mod f . cont A A D(2)£ )*-Modi oc 

whose quasi-inverse is the stalk functor F i— > F^ z . For every continuous A[tt(z, e)]-module of 
finite type M, denote by M\ the A-module on D^, t obtained as extension by zero of r z M. 

Let i z : S — > p^ 1 (oo / ) be the unique S-morphism whose image is the point (z, oo'). In view 
of remark [2.2 .31 we may define the e-local Fourier transform from z to oo' as the functor : 

^ z f ] : A[n(z,s)]-Mod Lcont -> A[tt(oo', £ )]-Mod cont 

given by the rule : 

Finally, in the situation of (12.3.291 ), denote by F' £ the complex of A-modules on D(oo', e)& 
obtained as extension by zero of ^^(ji-FWfoo.e)*- With this notation, we have : 

Theorem 2.4.10. (Stationary Phase) In the situation of (12.3.291) , suppose moreover that F has 
bounded ramification at all the (finitely many) points of D\U. Then for every e G \K X | there 
is a natural n(oo', e)-equivariant decomposition : 

zeD\u 

Proof. Resume the notation of (12.41 ), and let as well j : U — > D be the open immersion. By 
inspecting the definitions we get a natural isomorphism : 

F' £ ^ RPeMOlF) ®A^H|X( £ ))[1] 
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from which, by propo sition 12 . 2 . 4\ ii) . (i v) . there follows an equivariant isomorphism : 
(2.4.11) RV^K A Rr(D,m Vool> M(jiF) ®A^(m)| X(e) )[l]). 

To evaluate the left-hand side of (12.4.1 II) . we use the spectral sequence of propo sition 12 . 2 . 4r iii) : 
combining with remark [2. 3 .34r iii) we obtain the equivariant isomorphism 

Lastly, by theorem 12.4.21 the vanishing cycles appearing on the right-hand side of (12.4.1 II ) are 
supported on D \ U, whence the theorem (details left to the reader). □ 

Remark 2.4.12. (i) Not much can be said concerning the e-local Fourier transforms appearing 
in theorem l"2 .4 .101 The situation improves when we take the limit for e — > 0. Namely, choose a 
sequence (e n | n G N) and geometric points (£ n | n G N) as in (12.2.111) . and define 

j^, z,QO ^ (M) := colim ^ (M n ) for every continuous A[n(z, £ )]-module M 

where M n denotes the A [it ( z, £„)] -module which is the image of M := M, under the com- 
position of the functors (I2.2.16I ). It is clear that J^j, 2 ' 00 (M) depends only on the image of M 
in A[7r(z)]-Mod; hence - and in view of theorem |2 .4 .101 - we deduce a natural decomposition 
(notation of (12.2.151 )) : 

(2-4.13) ^{j'l^L A 

for every A-module with bounded ramification F on (see remark 12.2.171) . However, remark 
I2.3.34t ii) and the discussion in (12.2.151) imply that the left-hand side of (|2.4.13l) has finite length, 
hence the same holds for each of the summands on the right-hand side. 

(ii) We shall later need also a localized version of the stationary phase identity. Namely, let 
5 G \K X \, and suppose that F is a locally constant A-module of finite type on ©(0, 5)| t . Let 
w G p^T 1 (oo / ) be the unique point such that (©(0, S) x {oo'}) U {w} is the topological closure 
of ©(0,5) x {oo'}, and set 

^ W '°°'\F) := r({ W },i? 1 ^ oo/ (p:(j,F) ® A ^(m)|x (£ ))) 

where j : ©(0,5)* — > D is the open immersion ({w} is here seen as a pseudo-adic space). 
Let also F' e denote the complex of A-modules on ©(oo', e)& obtained as extension by zero of 
J?tp((j\F)\a), and notice that we still have M ,l {F 1 ^) = for i {0, 1}, hence the proof of 
theorem [2.4. 101 still applies to this A-module F, and we get the identity : 

- ^ ' oo ' ) (^„) © ^°°'\f). 

2 AAA. In order to apply theorem |2 .4. 101 we shall need a local-to-global extension result for 
A [tv (z, e)] -modules, analogous to Gabber's theorem £191 Th. 1.4.1]. This is contained in the 
following : 

Proposition 2.4.15. Let F be a locally constant A-module on ©(z, e)| t of finite type. Then there 
exists a Zariski open subset U C D\ {z}, and a locally constant A-module F on such that: 

(a) the restriction F\o( z ,e)* is isomorphic to F; 

(b) For every sufficiently small 5 G \K X \, and every w G D\(U U {z}), the restriction 
F\d(w,s) is a tamely ramified locally constant A-module (see (12.3.131) ). 

Proof. Denote by C C ©(z, e)* the annulus {a G A \ \(x — z)(a) \ a = s}, and let ©' be another 
disc containing C, such that ©' U H>(z,e) = D \ {z}. We may find a finite Galois covering 
if : C — > C, such that F\c is a constant A-module (see (12.1.141) ). Then, by [12, Th.l], (p 
extends to a finite Galois covering C" — > ©', with the same Galois group, and ramified over 
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finitely many points wi,...,w n G W(K). It follows easily that F\ c extends to a locally constant 
A-module F' on the etale site of D' \ {wi, . . . , w n }. By construction, it is clear that F' has finite 
monodromy around each of the points w±, . . . , w n . We may then glue F and F' along their 
common restriction on C, to obtain the sought F. □ 

2.4.16. From (|2.2.15l) and theorem I2.3.30f ii). we know that the source of the isomorphism 
(12.4.131 ) is an object of A[7r(oo')]-Mod; we wish to show that each direct summand in the 
target is also naturally an object in the same category, so that (12.4.131 ) is an isomorphism of 
A [it ( oo') ] -modules . 

To this aim, let z G D(K) be any point, F a A-module on 0(z, £o)It- F° r ever Y £, ^ G \K X \ 
with e < e , choose as usual a fundamental pro-covering (C H \ H C 7r(oo', 5)), and consider 
the commutative diagram : 

„/ 

D(oo', 5)* B{z, e)* x s D(oo', 5)* B(z, e)* 

3e,t je 

B(oo', 5)* J^- B(z, e) x s B(oo', 5)* B(z, e) 

3h 

B(z,e) x s C H 

where : 

• jjj is obtained by base change from the projection C# — > ©(oo', 5)* 

• g £i< 5, q£ 5 , g £(5 and 7^. 5 are the natural projections 

• j £ and j £i< 5 are the open immersions. 

Define 

(2.4.17) 9(F,iJ;,e,S) := g^F ® A J^(m £><5 ) 

where m £>< 5 is the restriction of m to B(z, e)* x s ©(oo', 5)*. Mostly we shall drop the explicit 
mention of F and ip, and simply write £f (e, 5). With this notation, set 

& l (e,8):=j £ , 5 0(e,5) 
M\e,5):= colim H*(B(z, e) x s C H &,j* H %{e, 8)). 

HCtt(oo',8) 

Notice that the A-module M l (e, 5) carries a natural continuous action of 7r(oo', 5). Moreover, 
if e' < e and 5' < 5, any choice of a group homomorphism 7r(oo', 5') — > 7r(oo', 5) as in (12.2.71) . 
induces a 7r(oo', 5')-equivariant homomorphism of A-modules : 

M l '(e,5) — > M i (e', 5'). 

By inspecting the definitions, we find a natural isomorphism : 

(2.4.18) ^i Z,0 °'\Fr h ) ^ colim colim M 1 ^, 8). 

2.4.19. For given e, 5 G \K X |, denote by C} £i( 5 the cone of the natural morphism %{e, 8) — ► 
5). Clearly the cohomology sheaves ^*C} £i( 5 are concentrated on {z} x 5 ©(oo', 5)* for 
every i G Z, and they agree on this closed subspace with the restriction of FCj e ^^{e, 8). 

After applying the functor Rq' £ ^ and inspecting the resulting distinguished triangle, we ob- 
tain the exact sequence : 
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On the other hand, for every maximal point a G A' and every e G \K X |, let w(a, e) G A x s A' 
be the unique point such that (M(z,e) x {a}) \ {w(a, e)} is the interior of Wi(z,e) x {a} in 
D x s {a} (notation of (12.4.51) ). Set w(e) := p(w(a, e)) (which is independent of a), and let 

/3 £ , r G r tt ( 6 ) ® Z Q 

be the breaks of the stalk F w t E ) (here r is the A-rank of F w ( £ \, and each break is repeated 
with multiplicity equal to the rank of the corresponding direct summand in the break decom- 
position of this stalk). Denote also by a(a,e) G r w ( a e ) ®i Q the unique break of the stalk 
^i){ m )w(a,e)- (Here T w m and T w u £ -\ are the valuation groups of the residue fields of w(e), 
respectively w(a, e), and notice that the projection p induces an injective homomorphism of or- 
dered groups T w f e ) — > T w t a>£ y, moreover the break decompositions are invariant under extension 
from the base field (K, | • |) to the residue field (L, | • \ L ) of a : see 11241 Lemma 3.3.8].) 

Lemma 2.4.20. For every e G \K X \ with e < Eq we may find 5 G \K X \ such that : 

(i) /3 7)< > a (a, 7) 

(ii) tJ Q a(a,7) = 1 

(iii) a (a, 7) is the unique break of the stalk @(e, 8) w ^ a ^ 

for every 7 G \K X \ (H [e/2, e], every z = 1, . . . , r, and every maximal point a G B(oo', 5)*. 

Proof, (i) and (ii) are analogous to claim 12.4.71 and they follow likewise from IfTTl Lemma 
9.4], together with the continuity properties of the breaks ( [|24l Lemma 4.2.12]). Assertion (iii) 
follows immediately from (i) (cp. the proof of theorem [2A2]). □ 

Lemma [2 . 4 . 20r ii) .(iii) implies that 

(2.4.21) q' £ , S *&{£, S) = for e and 5 as in lemma[2A2Ql 

Lemma 2.4.22. In the situation of (12.4.161) . suppose A is a field, F is a locally constant A- 
module of finite type, with bounded ramification at the point z, and let e G \K X \ with e < sq. 
Then there exists S G \K X \ such that : 

(i) The A-module R l q' £ $0(s, 8) vanishes for i ^ 1, and is locally constant of finite type 
onH(oo',5)l t fori'= 1. 

(ii) The A-module FL l q' e s ^(e, 5) vanishes for i ^ 1, and is locally constant of finite type 
onB(oo',S)%.fori= 1. 

(iii) Fori < 1, the A-module J^f l Q £ ,s is locally constant of finite type on {z} x,gD(oo', <5)| t . 

Proof, (i): The vanishing assertion for i = is clear. Hence, suppose that i > 0, and for 
every 7,7' G \K X \ with 7 < 7' < e denote by A(7, 7') the A-module on the etale site of 
0(2, e)* x 5 D(oo', 5)* obtained as extension by zero of the constant A-module with stalk A on 
the etale site of A(z, 7, 7') x s D(oo', 5)*, where A(z, 7, 7') := D(z, 7') \ E(z, 7) is the annulus 
centered at z of external radius 7' and internal radius 7. Set 

C7 7i7 , :=R% s ^(e,8) ® A A( 7 , 7 '))- 

By [fT6l Th.6.2.2], the A-module , is constructible on D(oo', 5)| t , for every 7, 7' as above 
and every i G N. Moreover 

(2.4.23) R<£ tSl 9(e, 5) = cohrn 

by H6l Prop.5.4.5(i)]. Let a G D(oo', 5) be any maximal point, and (L, | • \ L ) the algebraic 
closure of the residue field of a; the stalk (G l ,) a calculates 
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( lfT6l Th.5.4.6]). Pick 5 G \K X | fulfilling conditions (i),(ii) of lemma[2A2Ql by Poincare duality 
(lemma [2.3. lOr iii)) and lemma [274 . 20r ii) ,(iii) we deduce that 

(2.4.24) (G* )7 0o = for every i ^ 1 and every 7' G \K X | n [e/2, e]. 

Since the maximal points are dense in the constructible topology of D(oo', 5)* ( Ifl4l Cor.4.2]), 
we see that £ = for i > 1; combining with (12.4.231 ) we get the sought vanishing for i > 1 
and every sufficently small 5 G \K X |. 

To deal with the remaining case z = 1, we remark : 

Claim 2.4.25. There exists 5 G \K X \ such that R}q' £ 5 {3(e,8) is overconvergent, and all its 
stalks have the same finite length. 

Proof of the claim. Indeed, choose 5 fulfilling conditions (i),(ii) of lemma l2.4.20[ so that (12.4.241) 
holds. In view of lfT71 Cor. 10.3], it follows that the natural morphisms 

(2.4.26) G^, -> G} i£ 

induce isomorphisms on the stalks over the maximal points of D(oo', 5)*, whenever 7 < e/2 < 
7' < e. Then again, since the maximal points are dense in the constructible topology of 
0(oo', 5)*, we deduce that (12.4.261) restrict to isomorphisms on D(oo', 5)* 6t for the stated range 
of 7, 7'. Set 

G 1 := colim colim Gl, v . 

7>0 7'<e '' ' 

Combining with (12.4.231 ) we see that the natural map : 

G 1 ^R l q' £ ^{e,8) 

is an isomorphism. However, notice that G 1 = R l q' £ S \(^(e, 5) ®a A(0 + , e~)), where 

A(0 + ,e~) = colim colim A(7, 7') 

7>0 7'<e 

which is an overconvergent sheaf, whose support is partially proper over B(oo', 5)*; then G 1 is 
overconvergent ( IfTBl Cor.8.2.4]), so the same holds for R l q' £ s 0(e, 5). 

In order to compute the length of the stalk over a given point a G D(oo', 5)*, we may therefore 
assume that a is maximal. Since the vanishing assertion (i) is already known for i ^ 1, this 
length is completely determined - in view of [fT71 Cor. 10.3] and lemma |2".4.20I - by the Swan 
conductor at the point (z, a) of the restriction of (e, S) to the fibre q'~g(a). Now, if z G A(K) 
it is clear that this Swan conductor equals s\n\(F, + ), so it does not depend on a, whence 
the claim. Lastly, if z = 00, proposition 12.3.2 lf i) implies that the Swan conductor will also be 
independent of a, provided D(oo', 6)*nd,K(F) = which can be arranged by further shrinking 
6. 

To achieve the proof of (i), it suffices now to invoke claims [273.33l and [2.4.251 together with 
identity (12.4.231) for i = 1. 

(ii) : SetSf(e 5) v := «#bm A (#(e, S),A X ) and notice that W(e, 5) v ~ ^(F v , V -1 , e, 5) (nota- 
tion of (12.4.171 )) hence assertion (i) holds as well with @(e, 5) replaced by &(e, S) v . Moreover, 
since A is a field, the natural morphism 

9(e, 5) -> RJ4?om A (W(e, 5) v , A) 

is an isomorphism in D(D(z,e)* x s D(co', 5)| t , A). By Poincare duality (lemma [2.3. lOf ii)), 
there follows a natural isomorphism 

Rq' £M &(e,5) A J Rjrom A (i? g ; (5! ^(£,5) v ,A(l)[2]) ^ Jf?am A (Rq' eiS &(e, 5)\ A(l)[2]) 

whence the contention. 

(iii) : Suppose first that 2 G A(i^); then, by smooth base change ([16, Th. 4. 1.1(a)]), it is 
easily seen that Jt?' l Q £ ,6 is locally isomorphic (in the etale topology) to the constant A-module 
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whose stalk is (R l j £ *F) z (notation of (12.4.161) ). It remains therefore only to show that the latter 
is a A-module of finite type, which is clear, since by assumption F has bounded ramification at 
the point z (details left to the reader). 

In case z = oo, proposition l2.3.8l implies that actually Q £) s = (details left to the reader). □ 

Proposition 2.4.27. In the situation of (12.4.161) , suppose that F is locally constant of finite type, 
and with bounded ramification at the point z. Then for every e G \K X | with e < eo we may find 
5 £ G \K X | such that the following holds for every 5 < 5 £ : 

(i) M 1 (e, 5) is a A-module of finite length. 

(ii) M\e, 5) = Ofor every i ^ 1. 

Proof. By the usual arguments, we may reduce to the case where A is a field. We notice : 

Claim 2.4.28. In order to prove the proposition, it suffices to find 5 £ G \K*\, such that the 
following holds for every 5 < 5 £ : 

(a) The A-module B}q' £ 5) is locally constant of finite type on ©(oo', 5)| t . 

(b) R% M %(e, 5) = for every i ^ 1. 

Proof of the claim. Indeed, for every open subgroup H C 7r(oo',5) let q' H : ©(z, e) x s 
Ch — ► Ch be the projection; given 5 £ as in the claim, the smooth base change theorem of 
lfT6l Th.4.1.1(a)] implies that R l q' Hjf j H < £\(e, 5) vanishes for i ^ 1, and is a locally constant A- 
module of finite type on Ch,6u for i — 1 and every 5 < 5 £ . Then the Leray spectral sequence 
for the morphism q' H yields a natural (equivariant) isomorphism : 

M*(e, S) ^ colim H^Ch, R l q' m f H %(e, 5)) 
{ - ■ ) A colim H*-\C H , R% M %{e,5)). 

HGn(oo' ,0) 

for i = 1, the target of (12.4.291) is a A-module of finite length, since every Ch is connected, 
and A is noetherian. For i = 0, the target of (12.4.291 ) trivially vanishes. For i > 1, we re- 
mark that, (up to restricting the colimit to a cofinal system of open subsets H, we may replace 
R l q' £ &if % (e, S) by a constant A-module; then, the sought vanishing for i = 2 follows from 
lemma f2.2. 61 Lastly, for i > 2, we may argue by Poincare duality, as in the proof of proposition 
12.2.181 to conclude. 
Now, to begin with, it is clear that q' £ S) = for every e < e and every S G \K X |. 

Next, in view of (12.4.211 ), the exact sequence <§ of (12.4.191 ), and lemma [2T4.22r ii,iii), we see that 
condition (a) of claim [2A28] holds. Similarly, for % > 1, we consider the exact sequence 

= R l -% M Q £ ,s - R% tS Me,S) - R% s Me,5) 

whose last term vanishes, according to lemma [2".4.22r ii); so also condition (b) of claim [274.281 
holds, and the proposition follows. □ 

2.4.30. The significance of proposition I2.4.27U ) is that it allows to endow the local Fourier 
transform of F Vz with an action of 7r(oo', 5), for some sufficiently small 5 G \K X \. Indeed, pick 
a monotonically descending sequence (5 n \ n G N) of values in \K X \ such that M(e n , 5 n ) is a 
A-module of finite length for every n 6 N. In view of (12.4.18D the A-module J^' 000 (F Vz ) is the 
colimit of the filtered system M of such M(e n , 5 n ). However, proposition |2.4. 151 together with 
remark [2.4.12r i) implies that the local Fourier transform has finite length as a A-module, hence 
some M(e n ,5 n ) must surject onto it. Moreover, the image of M(e n , 5 n ) into J^, z '°° (F Vz ) 
is already isomorphic to the image of the same module into M(e m , 5 m ) for some m > n. 
Since the transition maps in the filtered system ^ are equivariant, we may in this way endow 
J^ z '°° \F Vz ) with an action of 7r(oo', 5 m ). Let F — > F' be a morphism of locally constant A- 
modules on ©(2, e )* with bounded ramification at z; by repeating the above procedure on F', 
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we endow ^'^(F^) with a 7r(oo', 5 m /)-action for some other in' G N. A direct inspection of 

the construction shows that the induced map ^i z '°° ^(i^J — > ^{ z '°° \F') shall be 7r(oo', 5 m »)- 
equi variant for some m" > m,m'. 

Now, for any 2; G D(K) (and any 2 G D'(K)), define the category of A[ii(z)}-modules with 
bounded ramification : 

A[7r(z)]-b.Mod 

as the full subcategory of A[7r(^)]-Mod whose objects are represented by A-modules on the 
etale site of D(z, e)* (for some e G | K x |) which have bounded ramification at the point z. With 
this notation, the foregoing means that the datum of J^'°° (F Vz ) together with its 7r(oo', 8 m )- 
action, is well defined as a functor 

J^ z,00,) : A[vr(z)]-b.Mod -> A[7r(oo')]-b.Mod 

which we call the local Fourier transform from z to 00'. 

2.4.31. Furthermore, (12.4.291 ) implies that the natural decomposition (|2.4.13l) is already well 
defined in A[7r(oo')]-b.Mod. Indeed, a direct inspection shows that the composition of (12.4.131) 
with the projection onto the direct factor indexed by z, is obtained as the colimit of the filtered 
system of maps 

T(C H , 3tf\^{ 3x F))) - T(C H , R% S MC <*)) 
induced by the natural morphism 

which is clearly tt(oo', 5)-equivariant. 

Remark 2.4.32. We will also use the "dual" functors J^ z,oo) , for z G D'(K) : they are defined 
by exchanging everywhere the roles of D and D' in the foregoing (cp. ET1 Def.2.4.2.3]). Espe- 
cially, given a Zariski open immersion f : U' — > A', and a local system F' on U^ t with bounded 
ramification everywhere, one has a similar stationary phase decomposition for b*$PL{j' i>l F r ) Voo , 
in terms of such functors (here b : A" — > A is the double duality isomorphism). We leave to the 
reader the task of spelling out this isomorphism. 

3. Local analysis of monodromy 
3.1. Study of the local Fourier transforms. To begin with, we notice : 

Proposition 3.1.1. For every z G D(K), the local Fourier transform J^ z '°° ^ is an exact functor 
on A[7r(z)]-b.Mod. 

Proof. Choose a sequence (e n \ n G N) as in (12.2.111) . For every continuous A[ir(z, e)]-module 
M of finite type, set 

T\M) := coKmilR^^Mm ®A^M|x( £ )) 
(notation of (|2.4.9h ). It suffices to check : 

Claim 3.1.2. Suppose that M\ has bounded ramification at the point z. Then T l (M) = for 
every i ^ 1. 

Proof of the claim. The assertion follows easily from proposition 12 .4. 27f ii) . □ 
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3.1.3. For any z G K, let d z : A — > A the translation by z : x i— > x + z (notation of (12.3.31) ). 
Then i9 z induces an isomorphism of categories : 

: A[7r(0)]-Mod ^ A[7r(z)]-Mod 
in an obvious way. With this notation, an easy calculation yields a natural isomorphism : 

(3.1.4) ^ Z '°°'\^M) A ^ ' oo ' ) (M) ® A ^(^% oo/ 

for all A[7r(0)]-modules M with bounded ramification, where J£^{zx') n , is the object of 

A[7r(oo / )]-b.Mod defined as in (12.2.151) (andremark[Z2T7J). It follows that the study of ^ 2 '°°' ) 
for z G X is reduced to the case where z = 0. 

Notice as well that a A [n (z)] -module M with bounded ramification has a well defined length 
and Swan conductor : 

length A M sw(M) 

namely, the length (resp. the Swan conductor at z) of any A[n(z, e)] -module representing M. 

Let U C A be a Zariski open subset, j : U — > A the open immersion, and F a Zariski con- 
structible A-module on A& t , such that j*F is locally constant on with bounded ramification 
at all the points of D \ U. Denote by Ai , . . . , Aj the breaks of F Vac (repeated with their respective 
multiplicities). Then, in view of lemma 12.3 .151 theorem [2.3.301 and remark [2.3.341 we deduce 
the following identity : 

i 

(3.1.5) length A jr°(J^(F)) w = ]T a x {F) + ^ max(0, Aj - 1). 

xeA\U i=l 

(Details left to the reader.) 

3.1.6. Hence, let z G {0,oo}. We consider first the case of a tamely ramified object of 
A[7r(z)]-Mod. Namely, for a given value e G \K X \, let T be a coordinate on 0(z,e), such 
that T(z) = 0. For every integer n > 0, the rule T h T" determines a finite morphism 
D(z, e 1 /™) — > D(z, e); its restriction to H>(z, e 1 ^)* is a finite connected Galois etale covering of 
D(z, e)*, whose Galois group is naturally isomorphic to /x n , the n-torsion in K x . This covering 
corresponds, as in (12.1.121) , to a surjective continuous group homomorphism ir(z, e) — > For 
variable n > 0, we obtain an inverse system of group homomorphisms, whence a continuous 
group homomorphism : 

(3.1.7) n(z,e) -> Z(l) := lim/A n 

n>0 

(where the target group is endowed with the pro finite topology). The map (13.1.71 ) is surjective; to 
see this, we may suppose that the image v of the geometric point £ chosen in (12.21 ) corresponds 
to the Gauss valuation "at the border" of U)(z, e), i.e. : 

1/(^)1^ = max(|/(a)| for all a G K such that \a — z\ < e) 

for every power series f(T) convergent on U>(z, e). Let k{v) denote the residue field of v; then 
7r|° c ' alg (t>, ^) is the Galois group of k(v ) -automorphisms of any algebraic closure of k(v). We 
have a natural group homomorphism : 

and it suffices to see that its composition with (13.1.71 ) is surjective. The latter is a continuous 
map of profinite groups, so we reduce to showing that the induced maps 7r^ oc ' alg (f , £) — > fj, n 
are surjective for every n > 0, which is left to the reader (e.g. one may look at a rank two 
specialization of v, and argue by standard valuation theory). 
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3.1.8. With the notation of (13.1.61) . a A[tt(z, e)]-module M is tamely ramified relative to the 
coordinate T, if the action of 7r(z,£) on M factors through (I3.1.7I ). We say that a A[7r(^)]- 
module M is tamely ramified if it is represented by a tamely ramified A[ir(z, e:)]-module, for 
some e E \K X \. Notice that this notion is independent of the choice of coordinate T. For such 
a module M, we may find n > large enough, so that the action of ir(z, e) factors through fi n . 
If the action of n(z, e) on M is trivial, we say that M is unramified. 

We may study the local Fourier transform j^"jf ,00 ^(M) by a global argument, as in 112111 . 
Namely, suppose now that T is a global coordinate on A^; then the rule T i— > T n defines 
the Kummer covering of G m := A^ \ {0} with Galois group fi n . Let % '■ A*n ~^ ^ x be any 
non-trivial character; we denote by Jif x the locally constant A-module of rank one on (G m )ff 
associated to this Kummer covering and the character x- If / : X — > (G m )^ is any morphism 
of 5-adic spaces, we let as usual J(f x (f) ■= f*<%x- Especially, the global coordinate x on A 
(notation of (12.3.31) ) yields a morphism x : A \ {0} — > (G m ) ad , whence the local system Jt^(x) 
on A \ {0}. Likewise we have the A-module J^(x') on A' \ {0'}. Let j : A \ {0} — > A and 
f : A' \ {0} — > A' be the open immersions; the Fourier transform of j*J%p{x) = j\J^ x {x) is 
calculated by the following : 

Lemma 3.1.9. There is a natural isomorphism of A-modules : 

^{j,Jt x {x)) ^ j'^ x -,{x')[Q\ ® A G(x^) 
where G(x, ip) '■= H^((G m )^, J^ x ®a «£^>) is a free A-module of rank one. 
Proof. Mutatis mutandi, the proof of I12T1 Prop. 1 .4.3.2] can be taken over. □ 
As a corollary we obtain : 

Proposition 3.1.10. Let M be a tamely ramified A[7r(z)]-module. We have : 

(i) If z = 0, then 

length A ^ Z '°°'\M) = length A M 
and the A[n(oo' )]-module JP^ Z, °° \M) admits a filtration 

= F„CF 1 C-CF 1 = ^^(M) 

whose subquotients are tamely ramified A[ir(oo')}-modules. 

(ii) Ifz = oo, then ^ ,0O '\m) = 0. 

Proof. The module M corresponds to a representation of /x n for some n > 0; we may then 
easily reduce to the case of an irreducible representation of /x n , i.e. A is a field, and diniA M = 1 
(see [25, Partie II, §2.5, 2.6]), so M is given by a character x '■ H n ~^ A x . F° r me case of the 
trivial character x, we have the more precise : 

Claim 3.1.11. For every unramified A[7r(0)]-module, there is a natural isomorphism : 

&§'°°'\m) A M. 

Proof of the claim. We may take over verbatim the proof of II2TI Prop.2.5.3. l(i)]. 
In case x 1S non-trivial and z = (resp. z = oo), M is represented by J(f x {x) m (resp. by 
J^-i (x) Voo ). Using lemma 13X91 and the stationary phase argument of fl2H Prop.2.5.3. l(ii)], we 
deduce a natural isomorphism : 

By comparing ranks, we see that 

(3.1.12) dim A ^l '°°'\M) < 1 
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and both assertions will follow, once we show that "* (M) does not vanish. To this aim, 

let J^ x {x) denote the A-module on D 6t which is the extension by zero of J^ x (x). The rule 
x t— ► x/(x + 1) defines an automorphism to of D such that u(0) = 0, u;(oo) = 1 and u>(— 1) = 
oo. Let F denote the restriction to A 6t of uj*Jtf x (x). Clearly -F|D(oo,e)* corresponds to the 
trivial character of 7r(oo, e) (for e small enough); also F m represents M , and is a tamely 
ramified A [?r(— 1)] -module of length one. We apply fheorem feAlOl : by the foregoing, the term 
^(oo,oo vanishes, whence a natural isomorphism : 

Computing with (13X51) we find that ^(F))^, has length equal to 2. Taking (13.1.121) and 
(13.1.41) into account, we conclude that both direct summands on the right hand-side must have 
length 1, as required. □ 



Corollary 3.1.13. Let M be a A[7r(oo)]-module with bounded ramification, and Ai, . . . , A; the 

TP 



breaks of M. Suppose that X\ < I for every i = 1, . . . , I. Then J^ 00 ' 000 (M) = 0. 



Proof. We may extend M to a locally constant A-module F on a Zariski open subset U C A, 
tamely ramified at the points of S := A \ U, and with F Voo = M (proposition 12.4.151) . Let 
j :U — ► A be the open immersion, and set F' := ^^(J^fjiF)); according to (13.1.51) we have 

length^, = US • / 

where (jS denotes the cardinality of S, and / is the generic length of F. On the other hand, 
(12.4.131) . (I3T41) and proposition EEHJi) imply : 

length^, = |}S ■ Z + lengtK^ 00 ' 00 '^) 
whence the contention. □ 

Theorem 3.1.14. Let M be any A[ir(0)]-module with bounded ramification. Then we have : 

(i) length^ ' 000 (M) = I := length A M + sw(M). 

(ii) sw(^ 0iOO,) (M)) =sw(M). 

(iii) Let ji, ... ,^1 be the breaks of J^j ' 00 \M) (repeated with their respective multiplici- 
ties). Then 7^ < lfor i = 1, . . . , /. 

Proof. We shall borrow an argument from the proof of EOl Prop. 8. 6. 2] . By the usual reductions, 
we may assume that A is a field. Moreover, we may assume that M does not admit any quotient 
which is a trivial A [7r(0)] -module (meaning, a module represented by a constant A-module on 
D(0, e)l t , for some e E \K X |). Indeed, for such trivial modules, the theorem is already known, 
in view of proposition 13.1.1 Ot i) . 

By proposition [2AT51 we may find a Zariski open subset U C A \ {0} and a locally constant 
A-module F on with bounded ramification at every point of S := D\U, such that F is 
tamely ramified at every point of S \ {0}, and such that F Vo = M. Set G := J^°{^{j\F)), 
where j : U — » A is the open immersion; from (|3.1.5I) we deduce easily : 

(3.1.15) lengtb^G^, = (JJE - 1) • length A M + sw(M) 

(where (JS denotes the cardinality of S). On the other hand, theorem [2.4.101 together with 
proposition ^ .1.1 Ot ii) yields a natural isomorphism : 

(3-1.16) G W A ^\F Vz ) 

2g£\{oo} 
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which, by virtue of proposition 13 . 1 . lOl T). leads to the identity : 
(3.1.17) length^, = (ftE - 2) • length A M + length^ ' 000 (M). 

Assertion (i) follows by comparing (13.1.151) and (13.1.171) . Next we remark : 
Claim 3.1.18. ^{j\F) = G[0]. 

Proof of the claim. Indeed, by remark |2. 3 . 34r ii) . (iii) we know already that J^ % {^^{j\F)) = 
for i {0, 1}. Moreover, in light of theorem [2.3.300 ) (and again remark |2.3.34r ii)), in order 
to show the same vanishing for z = 1, it suffices to verify that H^(Uet, F ®a ^^(ax)) = 
for every a 6 K (where, as usual, x is our fixed coordinate on A). Since A is a field, lemma 
12.3. lOt m) reduces to checking that H°(Uct,F y ®a Jtf^(ax)) = for every a 6 K, where 
F v := Jifom\(F, Ay). However, since M does not admit trivial quotients, the A[7r(0)]-module 
F^ o = (F v ®a J£ip{ax)) m does not contain trivial submodules, whence the claim. 

Notice as well that cIk(F) = {0} (notation of (12.3.191) ), hence G is locally constant on 
A' \ {0'}. From claim |3X 181 and (12.3.51) we get a natural isomorphism : 

^;C7 A a^F{-\) 

where a : A — >• A" is (— l)-times the double duality isomorphism, and (—1) denotes the Tate 
twist. Then we may apply (13.1.51) to derive the identity : 

i 

(3.1.19) length A M = a (G) + ^max(0,7; - 1). 

i=l 

Let 0' be a geometric point localized at 0' E A'; from claim |3T. 181 we deduce as well that : 

(3.1.20) length^ = ~Xc(A, F) = (fl£ - 2) ■ length A M + sw(M). 
Taking (13.1.151) into account, we get : 

a ,(G) = length A M + sw(C7 7?o/ ). 
Comparing with (13.1.191) we conclude that assertion (iii) holds, and also that 

(3.1.21) ao'(G) = length A M sw(C7 v ) = 0. 

Next, from (13.1.41) and proposition 13.1.1 Ot i) we deduce that length. A ^jp'°°\F Vz ) = length A M 
for every z € E \ {0,oo}. Combining with (13.1.161 ) we obtain : 

(3.1.22) sw(^ ' oo ' ) (M)) = sw(G Vool ) - (tfE - 2) • length A M. 
On the other hand, (13.1.211 ) and claim |3.1.18| also imply that 

= xM',G) = -2-length A G rjoo ,+a 0l (G)+a oo/ (G) = length A M+sw(G? w )-length A G? w 
which, in view of (13.1.151 ) leads to the identity : 

(3.1.23) sw(C7 r , oo/ ) = (HE - 2) • length A M + sw(M). 

Assertion (ii) follows by comparing (13.1.221 ) and (13.1.231) . □ 
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3.1.24. Following [f2Tl §2.4], we wish now to exhibit a left quasi-inverse for the functor 
^(o,oo )^ ]\f ame jy ? f or an y £ g \K X \, set 

Y(e) := D(0, e) x 5 D' C D x s D' 

and denote by p £ : Y(e) — > D(0, e),p' £ : F(e) — ► the projections. Also, for every z' G D'(K) 
and every object M' of A.[tt(z', £)]-Modf. con t, let v : S* — ► <z£~ 1 (0) be the closed immersion 
with image (0, z'), and denote by M[ the A-module on D' 6t which is the extension by zero of 
r z /M', where r z < is the equivalence between continuous A[%(z', e:)]-modules of finite length and 
locally constant A-modules of finite length on H>(z', e)| t , as in (12.4.91 ). We define : 

J^' 0) (M') := i^R^MiM!) ®A^(m)|y (£) ) 

which clearly depends only on the image of M' in A[7r(V)]-Mod. In fact, we will see that this 
definition is interesting only for z' = oo', since this functor vanishes identically for z' G A'(K). 
As a first step, a simple inspection shows that, for z' G A'(K), the translation map -& z i : A' —> A' 
given by x' h- > x' + z' induces an isomorphism : 

(3.1.25) ^ Z '' 0) (^»M') A J^ '' 0) (M') for all A[7r(0')]-modules M' 

(analogous to (13.1.41) ). Next, we remark that these functors obey as well a principle of stationary 
phase. Indeed, let F' be a A-module on D' 6i , and f : U' —> D' an open immersion such that 
j'*F' is a locally constant A-module of finite length on U' 6t . Then corollary 12.2.191 implies that : 

(3.1.26) j'*m m ($'*F' ® K &^{m)\ Y{ e)) = in D(C^,A). 

3.1.27. Suppose now U' C A' is a Zariski open subset, and that F' = j[j'*F'. Let b : A" ^ A 
be the double duality isomorphism, given by the rule x" i— > x (notation of (12.3.31) ). and set 
F e := 6 =ls ^'^,(i 7,/ ) |B(o,e)» which is a complex of A-modules on 0(0, e)a- Combining (|3.1.26l) with 
proposition 12 . 2 .4n i) and corollary 12.2. 141 we deduce a natural isomorphism : 

(3-1.28) R %M)^ ^ Z ''°\F'J. 

z'eD'\u' 

Remark 3.1.29. We have as well a localized version of (13.1.281) . analogous to remark l2~.4.12r ii). 
Namely, let 5 G \K X \, and suppose that F' is a locally constant A-module of finite type on 
B(oo',S)* 6t . Let w' G p" 1 ^) be the unique point such that ({0} x D(oo',<5)) U {w'} is the 
topological closure of {0} x D(oo', 5), and set 

where j : D(oo', 5)* -> £>' is the open immersion. Let also F e be the A-module on ©(0, c)ct 
that is the restriction of b^^ij^F')^); arguing as in (13.1.271 ) we get a natural isomorphism : 

r°%m) - H 00 ' 0) (KJ © °\n 

3.1.30. We are now sufficiently equipped to make some basic computations. To begin with, 
in the situation of (|3.1.27l) . theorem [2 .3 . 30f iv) and remark l2~.3.34r iii) imply that the sequence of 
A-modules : 

(3.1.31) - J4f°(F £ ) - Jif°(F £ ) V0 - R ® m (F e ) - ^(F^o - 

is exact. Let us take for F' the extension by zero of the constant A-module A^/ on A' 6t . In this 
case, F £ = z *A,g(— 1)[— 1], where z : S 1 — > 0(0, e) is the closed immersion with image 0. 
From (13.1 .311) and (13 .1.281) we deduce that : 

(3.1.32) length^ 00 ' 0) (A) = length^,, (i *A s [-l]) = length^ (^A 5 ) = / 
with I := length A A. Next we have : 
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Lemma 3.1.33. Let M' be a tamely ramified K\w(z')\-module. We have : 

(i) Ifz' G A\K), then i^'' 0) (M') = 0. 

(ii) Ifz' = oo', then length A J^ 2 ' ' ,0) (M') = length A M'. 

Proof. As usual, we may reduce to the case where A is a field, and we may also assume that M' 
arises from a character x : > A x , for some n > 0. 

(i) : In view of (13.1.251 ) we may assume that z' = 0'. Consider first the case where x ls not 
the trivial character; then M' is represented by J(f x {x') r)0 . Denote by J^ x (x') the A-module on 
D f £ t which is the extension by zero of J^ x (x'). Let uj' : D' ^ D' be the automorphism given 
by the rule x' t— > x'/(x' + 1), and set F' := lo'*J^ x (x'}\a'- By theorem r2.3.30r ii) and remark 
|2.3.34r ii),(iii) we easily see that F : = b^^^(F') (notation of (13.1.271 )) is concentrated in degree 
zero (since x ls not trivial), and is locally constant on A \ {0}. Set F e := Fid(o i£ ); a simple 
calculation using lemma IZ3 . 1 5 1 yields the identities: 

length A ^°(F e ) = 1 length A Jf°(F e ) w = 2 
whence length A i?°$ w (F e ) = 1, by virtue of (13.1.311) . Notice that F^ t = A is the trivial 
A[7r(oo')]-module; hence, combining with (|3.1.28l) and (13.1.321) we conclude that '°\f^ o/ ) 
and '°' ) (F^ ( ) must both vanish in this case, as stated. 

The case where \ is the trivial character is analogous, but easier : we may take F' to be the 
extension by zero of the trivial A-module, with stalk A, on [A' \ {0'})et- Then the same sort of 
calculation yield : 

length A ^°(F £ ) = length^^o = length^ (F^ = 1 

and one may then argue as in the foregoing, to conclude. 

(ii) : The case where \ ls trivial is known by (13.1.321) . The case where x is not trivial follows 
easily from lemma I3T.91 (13.1.281 ), and assertion (i) : the details shall be left to the reader. □ 

Proposition 3.1.34. For z' G A'(K), let M' be any A[ir(z f )}-module with bounded ramification. 
Then& ( / ft) {M') = 0. 

Proof In view of (13.1.251 ) we may assume that z' = 0'. Moreover, we may assume that M' 
does not admit any quotient which is a A-module with trivial 7r(0') -action, since the case of a 
trivial module is already covered by lemma |3~.1.33r i). By proposition 12.4. 151 we may find a 
Zariski open subset U' C A' \ {0'} and a locally constant A-module F' on Ui t , with bounded 
ramification at every point of S' := D' \ U', such that F' is tamely ramified at every point of 
£' \ {0'}, and such that F^ = M' . Se t G := J^°{^(j(F')), where f : U' -»• A 1 is the open 
immersion. The proof of claim l3.1.18l shows that 

(3.1.35) F £ = fo*G[0]| D(0)e) 
(notation of (I3.1.27I )). Likewise, (13.1.151 ) implies that : 

(3.1.36) length A ^°(F e ) % = (tJE' - 1) • length A M' + sw(M') 
whereas (13.1.201 ) implies that 

(3.1.37) length^ (F £ ) = - 2) • length A M' + sw(M'). 
Combining (13.1.351) . (13.1.361) . (13.1.371) with (13.1.311) and lemma |3T33];ii), we deduce that : 

length AJ R°$ r;o (F e ) = length A M' = length^ 00 '' 0) (F^J. 
In view of (13.1.281 ), the contention follows. □ 
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3.1.38. Let U' C A' be a Zariski open subset, F' a locally constant A-module of finite length 
on U^ t , and suppose that F' has bounded ramification at all the points of D' \ U' . In light of 
proposition 13. 1.341 the (fake) decomposition (|3.1.28l) is revealed as a natural isomorphism : 

(3.1.39) R^n {Fe)^^t°''°\KJ- 
Therefore, (13.1.311) is a short exact sequence : 

(3.1.40) - Hl(A',j{F') - 3tf°K^F') m -> ^°°'° ) (^ oo ,) - H*(A',j{F') -> 0. 

By (|2.2.15l) we know that R°& ri0 (F £ ) is a A [vr(0)] -module, and we wish now to show that, for 
every A[7r(oo')]-module M' with bounded ramification, also (M') is naturally a A[7r(0)]- 

module, in such a way that (|3.1.39l) is actually an isomorphism in A[7r(0)]-b.Mod. This is 
achieved as for the functors J^, z '°° , up to some minor modification (and simplification). 

Namely, say that M' is represented by a locally constant A-module of finite length on the 
etale site of D(oo', e )*, which we may denote again M' . For any e, 5 E \K X \, let 

j e , s : O(0, 5) x s B(oo', e)* -> O(0, 5) x 5 D(oo', e) 

be the open immersion. Denote also by q £ s (resp. q' £ s ) the projection of D(0, 5) x s 0(oo', e) 
onto O(0, 5) (resp. onto 0(oo', e)), and set 

Choose a fundamental pro-covering {Ch \ H C 7r(0, 5)), and for any open subgroup H C 
7r(0, 8), denote by jn ■ Ch x 5 D(oo / , e) — > D(0, <5) XsD(oo',£:) the morphism obtained by base 
change from the covering C H — > ©(0, 5)*. For £ < e , define 

Sf'(e, 5) := g^M' ® A ^<™M> ^'(e, 5) := j M! Sf (e, 5) ^'(e, 5) := Rj eM &(e, 5) 

where m £t s is the restriction of m to O(0, 5) x 5 D(oo', e)*. Finally set 

JV*(e,<?) := colim H\C H x s B{oo' ,e) 6u j H ^'{e,5)). 

Clearly N l {e, 5) is a A[7r(0, 5)]-module, and just as in (12.4.181) . we have a natural isomorphism: 

^(oo',0) (M n ^ coHm coHm N lf £ g\. 
V V ' neN <5>0 V ' 1 

Lemma 3.1.41. For every e < Eq there exists 5 E \K X | such that N 1 ^, 5) is a A-module of 
finite length, and N l {e, 5) = Ofor % ^ 1. 

Proof. This is analogous to the proof of proposition l2.4.27[ so we just provide an outline, which 
the industrious reader is invited to flesh out. 

To begin with, the usual devissage allows to assume that A is a field. Next, arguing as in 
the proof of claim 12.4.281 we reduce to showing that, for a given e, there exists 5 such that 
R l q £ s*^\{ £ i ^) ls locally constant of finite type on D(0, <5)| t , for i = 1, and vanishes for i ^ 1. 
However, proposition l2.3.8l implies that the natural map @{(s, S) — > ^{e, 5) is an isomorphism, 
hence it suffices to prove that R l q Ei g&'(e, S) is locally constant of finite type for % = 1, and 
vanishes for i ^ 1. Using Poincare duality as in the proof of lemma l2.4.22r ii). this will follow 
from the : 

Claim 3.1.42. For every e < Eq there exists 5 E \K X \ such that R l q £) s0'(e,5) vanishes for 
i 1, and is locally constant of finite type for i = 1. 

Proof of the claim. For every maximal point a E O(0, 5), let ^(e, 5, a) denote the restriction 
of @(e, 5) to {a} x s D(oo',e)*, where a is a geometric point localized at a. Moreover, for 
every 7 E \K X \ with 7 < S, let w{a, 7) be the unique point of {a} x s D' such that ({a} x 5 
E(oo', 7)) U {w(a, 7)} is the topological closure of {a} x s E(oo', 7) in {a} x s D' . 
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By direct inspection we find that, for every e < 6q, there exists 5 G \K X | such that : 

(a) the stalk &(e,5, a) w '( a , 7 ) has Swan conductor equal to the Swan conductor of M', for 
every maximal point a G O(0, S) and every 7 G \K X | fl [e/2,e] 

(b) the Swan conductor of the A [7r(0)] -module &(e, S, a) v , is a constant function on the 
set of maximal points a of D(0, 5)*, and all the breaks of these modules are strictly 
greater than (more precisely, if A is such a break, then A^ > 1). 

Indeed, to ensure (b) it suffices, in view of proposition l2.3.2ll T). to take 5 sufficiently small, so 
that ©(0, 5)* H dx(M') = 0. With these conditions (a) and (b), one may easily redo the proof 
of lemma I2A22IT ). and thus obtain the claim. □ 

3. 1.43. Having lemma l3~1.41l at our disposal, we may now repeat the considerations of (12.4.301) 
and (12.4.311) . The upshot is that we have a well defined functor 

J^°°'' 0) : A[7r(oo')]-b.Mod -> A[7r(0)]-b.Mod 

and (13.1.391 ) is indeed 7r(0)-equivariant. Moreover, we can argue as in the proof of proposition 
13.1.11 to deduce that =^"1°° is an exact functor. Next, denote by c : A — ► A the automorphism 
given by the rule : x \— > —x; it induces an automorphism c* of A[7r(0)]-b.Mod. 

Theorem 3.1.44. With the notation of (|3. 1.431) . we have : 

(i) Let M' be a A[7r(oo')]-module with bounded ramification, Ai < • • • < A; the breaks of 
M' (repeated with their multiplicities), and set k := max{i < / | A^ < 1}. Then 

length A ^°°' °\M') = k -J^Xl 

(ii) The composition of functors 

c,J^°°'' 0) (l) o ^°'°°' ) : A[7r(0)]-b.Mod A[7r(0)]-b.Mod 

is naturally isomorphic to the identity functor. (Here (1) denotes the Tate twist.) 

Proof, (i): Pick as usual a Zariski open immersion f : U' C A' and a locally constant A- 
module F' on U^ t , tamely ramified at the points of H' := A' \ U', and such that F' r] t = M' . Set 
F := ^{j'F'); according to (13.1.51) we have : 

1 

length A ^°(F) w = |E' - 1 + ^ max(0, A* - 1) 

8=1 

(where I is the generic length of F'). On the other hand, lemma |23.15| shows that 

1 

length A ^°(F) - length A ^ 1 (F) = p?-l + ^(A, - 1). 

i=l 

Combining with the exact sequence (13.1.311 ) and with (13.1.391) , we deduce the assertion. 

(ii): The existence of such an isomorphism is shown as in ET1 §2.5.6] : for a given A[7r(0)]- 
module M with bounded ramification, find a Zariski open subset U C A \ {0}, and a locally 
constant A-module F on with bounded ramification at all the points of E := D \ U, tamely 
ramified at the points of E \ {0} and such that F Vo is isomorphic to M (proposition 12.4.1 51) . 
Let j : U — > A be the open immersion, set F' := ^(j\F) and notice that Jif°(F') is locally 
constant on U' := A' \ {0} (theorem l2.3.30r ii)). Let j' : U' —> A' be the open immersion, and 
set G := i[j'*J^°(F') [0] ; by theorem E330ti), the cone C of the natural morphism G -> F' is 
supported on {0'}, i.e. C = io'J^C, where i < : S — > A' is the closed immersion with image 0'. 
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In view of remark |23 .34f i) and (12.3.51) . we obtain a distinguished triangle : 

J^(C7) -> a,F(-l) -> 7r*i*,C[l] 

where 7r : A' — > 5 is the structure moronism, and a = & _1 oc : A ^ A" is (—1) -times the double 
duality isomorphism. From corollary 12.2.191 and (13.1.39k there follow natural isomorphisms : 

^°°'' 0) ( G ^) ^ R°% h^(G) im£) A c,F(-l), = cM(-l). 
On the other hand, (12.4.131) and proposition 13.1.1 Of ii) yield a natural decomposition : 

zeT,\{oo} 

Moreover, by proposition 13. 1 . lOf i) and (13.1.41) . for every z E S \ {0, oo}, the A[7r(oo')]-module 
^(F Vz ) has just one break, and this break equals 1. Taking (i) into account, we deduce the 
isomorphism 

as required. However, we still have to worry about the naturality of the isomorphism, i.e. we 
have to check that it does not depend on the choice of F. To this aim, let F be the A-module on 
A& t obtained as extension by zero of Fmm e )* , where e is chosen small enough so that F restricts 
to a locally constant A-module on O(0, e)%. Set F" := &+(F) and G := jlf*J4? °(F / )[0] L and 
notice that J$? l (F') = for every i < 0, hence we have again a natural morphism G — > F', as 
well as a commutative diagram : 



R°$ Vo b^(G) mo>e) c.F(-r 



R°% K^(G) mo ,s) c*F{-l) m 

whose right vertical arrow is induced by the natural map F — ► F. From remark |2~.4.12f ii) we 
get a natural map 

(3-1-45) H° ,00,) ( F vo)^G Voo/ . 

We may find 5 E \K X \ small enough, and a locally constant A-module T of finite type on 
D(oo', 8)l t , with a 7r(oo', 5)-equivariant isomorphism T Vao , J^j ' 00 \F Vo ), and after shrinking 

5, we may also find a morphism u; : T — > G\B(oa',S) °f A-modules on D(oo', <5)| t , such that , 
equals (13.1.451 ) (since A is noetherian, T v , is a finitely presented A-module). The morphism u 
is not unique, but any two such morphisms agree on D(oo', 5')!t> for some 5' < 5. 

Let T\ be the A-module on A' 6t obtained as extension by zero of T; the morphism uj extends 
to a map T\ — > G, whence an induced map 

(3-1.46) i2°$ w &.^(T,)| D (o, e ) -> i2°$ w 6^,;(G), D(0>e) . 

Furthermore, from remark |3~.1.29| we obtain a natural map : 

(3-1.47) ^°°'' 0) ( Gr ^) - i^o^C^W,*) 

and by inspecting the construction, it is easily seen that (3 := (|3. 1.461) o (13.1.471) does not depend 
on the choice of uj, and lastly, (3 o a is the isomorphism obtained in the foregoing, so the proof 
of the theorem is complete. □ 
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3.2. Break decomposition. Let j : U — > A be a Zariski open immersion, such that e A\U, 
and denote by i : A \ [/ — > A the closed immersion. Let also F be a locally constant A- 
module on with bounded ramification at all the points of D \ U. We consider the diagram 
of A [7r(oo')] -modules : 

(3-2-D J 

where (j*F) is regarded as an unramified A[7r(oo')]-module. The bottom horizontal arrow 
is deduced from the natural map (j*F) — > F Vo ; the left vertical arrow is the isomorphism 
of claim 13.1.1 U the right vertical arrow is the projection obtained from the stationary phase 
decomposition (12.4.131) . and the top horizontal arrow comes from the boundary map : 

^(iJ*j*F)[-l\ ^ J^(j*F) 

associated to the short exact sequence — > j\F — > j*F — » — > (see remark |23.34It )). 

Lemma 3.2.2. Diagram (13.2.11) commutes. 

Proof. The detailed verification shall be left as an exercise for the reader. The main point is that 
also the left vertical arrow is defined in terms of a boundary map, just as for the top horizontal 
arrow. □ 

3.2.3. We denote by A[7r(oo')]-b.Mod^ the full subcategory of A[7r(oo / )]-b.Mod whose ob- 
jects are all the 7r(oo')-modules M' such that : 

(a) the \ -breaks of M' are different from 1 

(b) M' does not admit unramified quotients. 

For every object M' of A[7r(oo / )]-b.Mod^, we define : 

Sf<(M') := J^ ' 000 o c^' fi \M>) 
Sf>(M') := ^°°' 00 ' ) o c^'^\M<) 
(where c* is defined as in (13.1.431) ). We will exhibit a natural isomorphism : 

(3.2.4) M'(-l) ^ Sf<(M') © Sf>(M'). 

To this aim, pick as usual a Zariski open immersion j' : U' C A' and a locally constant A- 
module F' on U' &t , tamely ramified at the points of A' \ U', and such that F^ ; = M' . Set 
F := a*^{p(j{F'), where a : A — > A" is (— l)-times the double duality isomorphism; from 
condition (a) and remark [2.3.34f ii) we know that F restricts to a locally constant A-module on 
U :— A \ {0}, and condition (b) implies that Jtf ?1 F = (cp. the proof of claim !2.3.36l) . hence 
Jrf? 1 F = 0, by theorem f2 . 3 .30I T) . In this situation, (|3. 1.401) reduces to the short exact sequence 

(3.2.5) - H l c (A',j[F') - ^°F m -> c^°°' ' 0) (M') - 

and the stationary phase decomposition (see remark [2.4.321 ) yields a natural isomorphism : 

(3.2.6) ^°F Voo ^ c^ { f^\M') © R 

where R is a A [7r(<x>)] -module whose ^-breaks are all < 1, by (the dual of) (13.1.41 ) and propo- 
sition (3TjIJi). Let j : U — > A be the open immersion, set G := j\j*F[0], and let C denote 
the cone of the natural map G — > F; clearly C = i*i*C, where i : {0} — > A is the closed 
immersion. From (12.4.131) we get as well, a natural isomorphism : 

(3.2.7) JT°^(G) W - ^°' oo ' ) (^°^ ) © J^ 00 ' 00 '^ ^). 
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Combining with (13.2.51) . (13.2.61) . and corollary 13.1 .131 we deduce a short exact sequence : 

-> ^°°'\Hl{A\ j[F')) -> Jf°^(G) w - Sf<(M') © Sf>(M*) - 0. 
On the other hand, in view of (|2.3.5I) and remark l2.3.34f i) we have a short exact sequence : 
(3.2.8) - (C ) A - J^^(G) - - 

and taking into account lemma |3~.2.2[ we see that (5 factors through j'F'(—l) Vl = M'(— 1), 
and induces the sought isomorphism (13.2.41 ) of A[7r(oo')]-modules. The naturality of (13.2.41 ) can 
be shown as in the proof of theorem f3 . 1 .44f ii) : the details shall be left to the reader. 

3.2.9. Clearly, the breaks of £f<(M') are also breaks of M'. On the other hand, theorem 
I3.1.14f iii) implies that the breaks A of M' such that X* > 1 are all found (with their multiplici- 
ties) in £f>(M'). Notice also the natural isomorphism : 

^°°' 0) °^<(M') ^ J^°°'' 0) (M')(-1) 
obtained from theorem [3.1. 44fc ii). Taking into account theorem [3.1.1 4r iii) . we deduce : 

length A J^°°'' 0) (M') = length A #<(M') - sw(0<(M')). 

From this, in view of theorem I3.1.44I D. we easily deduce that the breaks A of M' such that 
X < 1 are all found (with their multiplicities) in ( £ < {M 1 '). In other words, by means of the 
natural isomorphism (13.2.41) . we have been able to separate the breaks A such that X < 1 from 
those such that > 1. 

Remark 3.2.10. A more detailed analysis might allow to drop condition (b) of (13.2.31) from 
the above discussion. However, this would probably entail some messy verifications; instead, 
we will resort to a trick : given any A[7r(oo')]-module, we shall twist it by a tamely ramified 
character of order high enough; this operation does not alter the distribution of breaks, but it 
will remove all unramified quotients. 

3.2.11. For every n E Z, let tp n : A' —> A' be the map given by the rule : x' \— > x' n (where 
x' is a global coordinate on A). It induces exact endomorphisms 93* and <^ n * of the category 
A[7r(oo / )]-b.Mod, in the obvious way. Moreover, the trace map induces a natural transforma- 
tion 

y? n * o (p* n M' -> M' for every object M' of A[7r(oo / )]-b.Mod. 

This trace map is an epimorphism whenever n E A x . For every s £ Q + , write s = ab^ 1 , with 
a, b E 7h and (a, b) = 1, and set 

ip* s := (p b * o (p* a ip m ■= ip aif o ip* h . 

Notice the natural map : 

(3.2.12) <p s * o <p*M' -> <f a , o <p* a M' -> M' 

where the first arrow is given by the counit of the adjoint pair (ft*), and the second arrow 
is the trace map; especially, (|3.2.12l) is an epimorphism, provided a E A x . Furthermore, since 
¥>b* = <PbU it is easily seen that ip* is left adjoint to tp s *. 

Suppose that M' is represented by a A-module on D(oo', e)| t (for some e E \K X |), and recall 
that the break decomposition of (12.3.161 ) is defined on a connected open subset U C D(oo', e)* 
such that U fl D(oo',5)* 7^ for every 5 E \K X \. Then, for every given integer n > 0, 
the subset (f^U C ©(00', e 1 /")* is also connected, and still intersects every punctured disc 
centered at oo'. Likewise, we may find an open connected subset V C D(oo',£: n )* such that 
<^~ 1 (y) C U, and V intersects every punctured disc centered at 00'; thus, <^ n *(M' 1 '(r)) can be 
seen as a A-module on and with this notation we may state the following : 



HASSE-ARF FILTRATIONS IN p-ADIC ANALYTIC GEOMETRY 



43 



Lemma 3.2.13. For every object M' of A[7r(oo')]-b.Mod, every n G Z wzY/z (p, n) = 1, and 

every r G Q+, we /zave natural identifications : 



(notation of (12.3.161) ). 

Proof. Let C7 be the automorphism group of a finite Galois extension of the residue field of the 
point 77(1) G A' (notation of [24, §2.2.10]), and suppose that H C G is a normal subgroup such 
that G/H is, cyclic of order n. Let us first remark : 

Claim 3.2.14. Let M (resp. N) be any A[C7]-module (resp. a A [H] -module), and suppose that 
M (resp. N) admits a single break. Then the same holds for the A [H] -module Res^(M) (resp. 
for the A [G] -module Indg(iV)). 

Proof of the claim. Since G and i/ have the same p-Sylow subgroup and since the break 
decomposition depends only on the underlying A [G^'J -module (see E4l §4.1.17]), we see more 
generally that, for any A [G] -module M, the restriction Res^(M) has the same number of breaks 
as M. Next, recall that Res#(Ind#(Ar)) = © 3gG y# 9 N, so the assertion for the induced module 
is reduced to the foregoing case. 

Now, the lemma is easily reduced to the corresponding assertion for A [G] -modules, where G 
is a Galois group as above. For such modules, we may assume that M' = M'\r), in which case 
- in view of claim [32 .141 - it suffices to compare the Swan conductors of M' and <p* n M' (resp. 
(p n *M'). The assertion for (p* n M' follows straightforwardly from ifTTl Lemma 8.1(H)]. To deal 
with tp* n M' ', we are then reduced to computing the Swan conductor of tp* n (tp* n M'). The latter 
is the same as M' ®a <£>*„(<£>* A) ~ M' ®a </?* n (A), whence the contention (details left to the 
reader). □ 

Lemma 3.2.15. Let M' be any object o/A[7r(oo')]-b.Mod. There exists a finite set Hm 1 C N, 
such that 1 ^ Sm', and the following holds : 

(i) Ifx '■ — * A x is a non-trivial character, and M' ®a .^(x')^ , admits an unramified 
quotient, then the order of x H es in ^m'- (Notation of (13.1.81) .) 

(ii) For a given integer n ^ 0, suppose that M' does not admit unramified quotients, but 
ifn M' admits an unramified quotient. Then an element of £ m 1 divides n. 

(Hi) If M' does not admit unramified quotients, then the same holds for ip n *M', for every 
integer n^O. 

Proof, (i): Since the only simple quotient of A is its residue field, we may assume from start that 
A is a field. Suppose that we have found non-trivial characters xi, ■ ■ ■ , Xr, of orders respectively 
d, . . . , a r , and epimorphisms tj : M' ®a <%f Xi {x') Voo , — > A, for i = 1, . . . , r, and suppose that 
di 7^ cij for all i < j < r. Now, tj is the same as the datum of an epimorphism Tj : M' — > 
J^ Y -i (x'), and we claim that length A nf=i Ker r, < length A M' — j for every j < r. This is the 
same as showing that : 



By way of contradiction, let j be the smallest index for which (13.2.161) fails (so j > 2); then it 
is easily seen that the induced map 



<(M'V)) = {<M')\nr) 



ip n *(M'\r)) = (<p n *M')\r/n) 



(3.2.16) 




for every j < r. 
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is an epimorphism, and r, factors through r, therefore we get a non-zero map Jf Y -i (x') — > 

A, ^ 

J^-i for some i < j, or what is the same, a non-zero map A — ► Jff -1. Under our assump- 

3 X.zX.j 

tions, it is easily seen that no such map can exist, whence the claim. Hence, we must have 
r < length A M', and the contention follows easily. 

(ii) : Again, we may assume that A is a field, say of characteristic I, and moreover that A 
is algebraically closed. Suppose that we have found an epimorphism t : <p* n M' — > A, for 
some integer n > 1. We may assume that (I, n) = 1 (since we can assume that our candidate 
Em' contains I). This t is the same as the datum of a map r : M' — > y2„*A. Under our 
assumptions, <^n*A is the direct sum of A [7r(oo')] -modules of the type J^{x') v ,, where \ 
ranges over the characters fi n — ► A x . Moreover, r cannot factor through the trivial character 
of n n , since M' does not have unramified quotients. Hence, after composing with a projection 
y? n *A — > JXf x (x') Vool , we deduce a non-zero map M' ® A J^.-i(a/)^ , — ► A, where x is non- 
trivial, and its order divides n. Then the assertion follows easily from (i). 

(iii) : Since tp n * = (p n \, a non-zero map <£> n *M' — > A r ' to an unramified A[7r(oo')]-module 
corresponds by adjunction, to a non-zero map M' — > tp* n N' , whence the contention. □ 

The following is the main result of this paper. 

Theorem 3.2.17. Le£ M' &e a/ry object o/'A[7r(oo / )]-b.Mod. T/?ere exw?5 a unique decompo- 
sition 

m' = m; 

5mc/? ?/za? eac/z .1 /' z'5 an object o/'A[7r(cxo / )]-b.Mod, whose only \-break is r. 

Proof. For every t]-break r of M', we will exhibit a decomposition M' = ML r i © M/ +0O r, such 
that the \ -breaks of r , (resp. of ML +oc j are all < r (resp. > r). If such submodules exist, it 
is easily seen that they are unique (since their lengths are determined by M'); then the theorem 
will follow straightforwardly. Moreover, notice that the theorem holds for M' if and only if it 
holds for M' ®a J^x( x ')v x > > wriere X '■ ~ *■ ^ s an Y character; by lemma [372 .15( 1), we may 
then assume that M' does not admit unramified quotients (recall that A x contains a subgroup 
isomorphic to /i p oo, hence we may find \ °f arbitrarily high order). 

Now, pick a subset Em' C N as in lemma [3^2. 15T ii). let r' G Q + be the smallest \ -break of 
M' such that r < r', and choose s = ab^ 1 G Q + such that : 

r < s^ 1 < r' a G A x (p, a) = (p, b) = (a, b) = 1 

and moreover, (c, a) = 1 for every c G S m' ■ Notice that (M') does not have any breaks A with 
= 1 (by lemma [372. 131 ); moreover, <£>*(M') does not admit any quotients of pure break zero 
(by lemma [3T2. 15r ii,iii)). Especially, <p*(M') is an object of the subcategory A[7r(oo')]-b.Mod^, 
hence the discussion of (13.2.31 ) and (13.2.91) , yields a decomposition 

(3.2.18) <P* S (M')(-1) =^<(^(M'))©^>(^(M / )) 

such that all the \ -breaks of the first (resp. the second) summand are < 1 (resp. > 1). Whence, 
a decomposition cg^ (|3.2.18l) (l) of (p s *tp*(M'), and again by lemma |3~2 .131 we see that the first 
(resp. second) summand of the latter have tj- breaks in the range [0, r] (resp. [r', +oo[). 

Lastly, using (13.2.121) we may project cg CJ , (l3.2.18l) (l) onto a decomposition of M' with the 
same separation of tj-breaks, as required (details left to the reader). □ 

We may now complete the study of the local Fourier transforms. 

Lemma 3.2.19. Let M' be any unramified A\n(oo')]-module. There is a natural isomorphism : 

^°°'' 0) (M') ^ M'(-l). 
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Proof. Let F' be the constant A-module on A', such that F' = M'\ in this situation, the exact 
sequence (13.1.401) reduces to the isomorphism : 

^°°'' 0) (M') ^ H 2 C (A', F') ^ H 2 C (A', A) © A M' 

whence the lemma. □ 

Proposition 3.2.20. Let M' be any object of A[7r(oo / )]-b.Mod, whose ^-breaks are all < 1. 
Then sw(J^ oo '• 0) (M , )) = sw(M'). 

Proof. In view of lemma l3T2.19l we may assume that M' does not admit unramified quotients, 
therefore M' is an object of A[7r(oo')]-b.Mod t . Then, define F', F and G as in (13X31) : the 
short exact sequence (13.2.51) shows that 

sw(J^' 0) (M')) = sw(^°F, ) = sw(M>°GJ = sw(^ ' oo ' ) (C7, )) 

where the last identity holds by virtue of theorem l3.1.14r ii). Recall that G is locally constant 
on A \ {0}, whence a natural stationary phase decomposition : 

However, G Voo = F Vo0 admits as well a stationary phase decomposition, whose factors are of 

the form ^°°\f^), for various z E D'(K). Especially, ^° ''° o) (^ 00 ,) = 0, by corollary 
13.1.131 on the other hand, the contributions with z ^ 0, oo' (resp. with z — 0) are all pure of 
t]-break equal to 1 (resp. equal to 0), by (13.1.41) and proposition ^. 1 . 10t i). Hence, applying again 
corollary MM we conclude that ^ 00 ' 00 ' ) (G V J = 0, and therefore, sw(#J oo '' 0) (M / )) = 
sw(Jf°#,/,((j)^,). Taking into account (|3.2.8l ) r , ,, the assertion follows. □ 

3.2.21. For every subset / C Q+, denote by A[7r(oo')]-b.Mod/ the full subcategory of the 
category A[7r(oo / )]-b.Mod, whose objects are the modules that have all their tj-breaks in /. The 
following corollary refines theorem [3.1.1 4r iii) . 

Corollary 3.2.22. Let M be any A[ir(0)}-module with bounded ramification. We have : 

(i) All the ^-breaks of^ co ' ) (M) are < 1. 

(ii) More precisely, J^ ' 00 "* is an equivalence A[7r(0)]-b.Mod — > A[7r(oo / )]-b.Mod[ 0i i[, 
whose quasi-inverse is the restriction of the functor c*j^,°° ,0 ^(1). 

(iii) If M has length I, and is pure of \-break r, then J^j, (M) has length (1 + r)l, and 
is pure of \\-break rj (1 + r). 

Proof, (i): In view of theorem [3. 1.14t iii) and theorem [3.2.171 we may write ^!£ ,00 \M) = 
NL x j © N[, where all the tj-breaks of NL x r (resp. of N[) are < 1 (resp. are equal to 1). By 
theorem [3.1.14r ii) we have sw(M) = sw(iVr 01 r) + length A A r {. On the other hand, theorem 
13 .1.441 and proposition ^ .2.201 imply that 

sw(M) = sw(J^' 0) (^,i[)) + sw(J#°' °\N[)) = sw(^''°\N' m )) = sw(N> m ). 

The contention is an immediate consequence. 

(ii) : This follows directly from (i), in view of theorem l"3 . 1 .44r ii) and the discussion of (13.2.91) . 

(iii) : We may assume that M' is irreducible, in which case the same holds for jp£'°°'\M), 
in view of (ii). Then the latter has a unique tj -break (by theorem [3.2.171) . and the contention 
follows easily from theorem [3.1.1 4l r.ii) . □ 

Theorem 3.2.23. Let M be any object A[7r(oo)]-b.Mod]i i+00 [. We have : 
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(i) There exists a natural isomorphism of A[ii(oo)}-modules : 

M(-l) ^ c^ 00 '' 00) o ^°°' 00 ' ) (M) 

(where (—1) denotes the Tate twist and c* is defined as in (13.1 .431 ) ). 

(ii) More precisely, J^, 00 ' 00 ^ restricts to an equivalence of categories 

A[7r(oo)]-b.Mod]i )+oo[ A A[7r(oo / )]-b.Mod ] i i+oo[ 

w/zose quasi-inverse is the restriction ofc^^° 

(iii) If M has length I and is pure of \\-break r, then J^ 00 ' 00 has length (r — 1)1 and is pure 
of \-breakrjir — 1). 

Proof, (i): As usual, pick a Zariski open immersion j ' : U — > A, and a locally constant A- 
module F on such that F Voo = M, and F is tamely ramified at all the points of A \ U. Set 
F' := &$(j\F)\ according to remark l2.3.34r ii.m). the complex F' is concentrated in degree 
zero, and the A-module Jif Q F' is locally constant on A'. In this situation, the stationary phase 
decomposition (12.4.131) yields the natural isomorphisms 

a*^^{F>)Z^c^'^\je«F>J 

where R is a A[7r(oo / )]-module whose tj-breaks are all < 1, and whose length is $(A \ U) ■ 
length A M, by virtue of (13.1.41) and proposition |3.1.10l i). The sought isomorphism follows 
easily, taking into account corollary 13.1 .131 

(ii) : This is an immediate consequence of (i) and the discussion in (I3.2.9I ). 

(iii) : Keep the notation of the proof of (i); on the one hand, (13.1.51) tells us that 

length A jr°F^, = (${A \U)-l)- length A M + sw(M). 
On the other hand, the foregoing implies that 

length A ^° F'^, = length^ 00 ' 000 (M) + $(A \ U) ■ length A M. 

Therefore : 

(3.2.24) length^ 00 ' 00 '^) = sw(M) - length A M. 

Dually, this also proves that length A ^°° ,oc \m') = sw(M') — length A M' for every object M' 
of A[7r(oo / )]-b.Mod ]li+oo[ . Letting M' := ^ 00 ' 00 ' ) (M), we deduce - in view of (i) - that : 

length A M = sw(^ 00 ' 00 ' ) (M)) - sw(M) + length A M 

whence : 

(3.2.25) sw(^ 00 ' 00 ' ) (M)) = sw(Af). 

The contention follows easily by combining (13.2.241) and (13 .2.25b . □ 

3.3. Modules of break zero. The most glaring omission in this work concerns the A[7r(0)]- 
modules that are pure of break zero, or equivalently, those of Swan conductor equal to zero. The 
obvious conjecture is that all such modules are tamely ramified (see (|3.1.8I) ): however, I do not 
know how to show this. If one can prove this conjecture, then one can apply a general tannakian 
argument due to Y.Andre, to derive an analogue, for modules with bounded ramification, of the 
so-called "local monodromy theorems" that one encounters in various situations : see fl}. 

In this final section, we present some evidence supporting our conjecture; namely, proposition 
13.3.61 a very partial result, which however might suggest a line of attack for the general case. 
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3.3.1. We need some preliminaries from |[24|. Let R be any artinian Z[l/p]-algebra, F a 
locally constant, constructible i?-module on O(0, l)| t , say with stalks of length d. To F we 
have associated in [1241 §4.2.10], a set of continuous piecewise linear maps, the break functions 

o<A(p)<f 2 (p)<---<Up) 

defined for p £ K>o, and with values in M> (actually, in loc.cit. we assume as well that the 
stalks of F are free i?-modules, and then d is taken to be the common rank of the stalks; but the 
whole discussion can adapted easily to our current setting). The sum : 

d 

Sf(p) :=I>0°) 

i=l 

is therefore a piecewise linear funtion M> — > M>o, and we know that the right derivative of 5p 
at a given point p : = — log r (for r £ \K x | fl [0, 1]) is the integer 

sw\F,r + ) 

called the Swan conductor of F at the point r)(r) (see 11241 Prop.4.1.15]; the point r]{r) is the 
one introduced in 11241 §2.2.10]). 

3.3.2. On the other hand, let / : X — > O(0, 1)* be a Galois, locally algebraic etale covering; 
to / we attach a normalized discriminant function, as follows. For every r £ \K X | fl [0, 1], let 
X r denote a connected component of f~ 1 (A(r, 1)), where A(r, 1) denotes the affinoid annulus 
of internal radius r, and external radius 1; the restriction f r : X r — » O(0, r)* is a finite etale 
Galois covering, whose Galois group we denote G r . In such situation, [1241 §2.3.12] assigns to 
f r a discriminant function 

S fr : [0,-logr] n \K X \ -> M> . 

Let s £ j-fT x | fl [0, 1], with s > r; then we may choose X s as one of the connected components 
of f~ 1 {A{s, 1)), so that G s C G r , and by inspecting the definitions, it is easily seen that the 
restriction of 5f r to [0, — log s] fl \K X \ agrees with 5f s ■ [G r : G s ]. Therefore : 

6 f (p) := [G r : 1}-%^) = [G s : l}- % 5 fs ( P ) for every p £ [0,-logs] fl \K X \. 

By [|24l Th.2.3.25], this function extends to a continuous piecewise linear function 5f : M> — > 
M>o, which is convex and with rational slopes. 

3.3.3. Clearly, the considerations of (13.3.11 ) (resp. of (13.3.21 )) can be repeated for a locally 
constant i?-module F on the etale site of an annulus A(a, b) (resp. for a locally algebraic Galois 
covering / : X — > A(a, b)). In either case, we obtain a piecewise linear function defined 
on [log 1/b, log I /a], with values in M> . Likewise, the whole discussion can be repeated for 
modules (resp. coverings) on A \ {0}. We shall denote by Y any of these adic spaces, and by 
Jy the domain of the functions 5p and 5f. 

Especially, to a A-module F onY 6t , we may associate the locally algebraic Galois covering 
fp : J^som A (M Y , F) — > Y (where M is any fixed stalk of F : see (12.1.14D ). 
I owe the following simple observation to Ofer Gabber. 

Lemma 3.3.4. With the notation of (13.3.31) . the following estimates hold for every p £ Iy : 

5 F ( P )/d < f d ( P ) < 5 F (p) 
fd(p)-(l-l)<5 fF ( P )<fd(p). 

Proof. The inequalities for 8f{p) are obvious. To show the other two inequalities, we may 
assume that Y = A(a, b), and we may replace fp by its restriction / : X — > Y to a connected 



48 



LORENZO RAMERO 



component. Now, pick any x E f 1 (rj(r)), and let St^ C G : = Ant(X/Y) be the stabilizer of 
x; the group St x admits an upper numbering ramification filtration : 

pb, 7m c pb )7m _i c ... Q pb,7i c g ta . 

by non-zero normal p-subgroups, indexed by certain values 71 > ■ ■ ■ > 7 m _i > 7 m E |if x |, 
called the b-breaks of the filtration (see J2H §4.1.26]). Let (/j | i — 1, . . . , d) be the break 
functions of F; by inspecting the definitions, it is easily seen that 

(3.3.5) / d (-logr) = -log7 m . 

Moreover, we may decompose 

C[G] = IndfjT) © C[G/P b ' 7m ] 

where T is a direct sum of irreducible C[St x ] -modules, on each of which P b >T™ acts non- 
trivially; it follows that the break functions of the C-module H 1 on arising from Indg t ^(T) 
all take the value — log 7 m , when evaluated for p = — log r . On the other hand, the break func- 
tions of the C-module if 2 on corresponding to C[C/P l, ' 7m ] all take values strictly less than 
— log 7 m , when evaluated for p = — logr. Furthermore, from ll24l Lemma 3.3.10] we derive : 

6 f = [G:l]- 1 -(S Hl +S H2 ). 

Lastly, notice that dim c C[G/P b ' 7m ] < p- 1 ■ [G : 1], since P b >^ m is a non-trivial p- group. Taking 
(13.3.51) into account, the sought inequalities for <5/(p) follow straightforwardly. □ 

Proposition 3.3.6. Let F be a locally constant and constructible A-module on the etale site of 
A\{0}, such that the A[7i(0)]-module F m (resp. the h\ix(oo)]-module F Voo ) has Swan conductor 
equal to ( resp. is tamely ramified). Then F vo is tamely ramified. 

Proof. Let <p n : A — > A be as in (13.2.111) ; we may choose n > such that ((p*F) Voo is an 
unramified module, and clearly it suffices to show that <£>* F is a constant A-module on the etale 
site of v4\{0}. Thus, we may replace F by f* n F, and assume from start that F is locally constant 
on the etale site of D* := D \ {0}. Let f F : J?som A (M D , , F) -> D* (where M := F m ) be 
as in (|3.3.3I) . It suffices to show that the restriction of fp to each connected component, is an 
isomorphism onto D*. 

To this aim, notice that, since F is unramified around 00, the assertion holds for the restriction 
of fp to some open subset of the type / i ^ 1 (D(oo, e)). Consequently, the normalized discriminant 
function 5 of X (which is defined on the whole of W) vanishes identically on a half-line (—00, a] . 
Moreover, recall that 

= swJ(P,0 + ) = lim sw\F,r + ) 

r— >0+ 

( [|24l Cor.4.1.16]). Therefore all the break functions of F are bounded everywhere on R. In 
view of lemma I3.3.4L it follows that 5 is bounded as well. Since the latter is also convex, 
we deduce that 5 actually vanishes identically on R. Now, for given r 6 \K X \, let X r be a 
connected component of /^ 1 (D(oo, r)), and denote by 0+ the discriminant of P+ := &\{X r ) 
over the ring A{r) + (notation as in [|24l §2.2.7], and notice that 0+ is well defined, in view of 
E4l Prop.2.3.5(i)]). Then 0+ is a unit in A(r) := A{r) + ® K + K, and therefore it is of the form 
c-u, where c e K x and u is a unit in A(r) + . However, since S(— logr) = 0, the constant c must 
actually be a unit of K + , i.e. 0+ is a unit of A(r) + , therefore P+ is an etale A(r) + -algebra. 
By standard arguments, this implies that, for every s E \K X \ with s < r, the restriction of 
fp to the preimage of D(oo, s) in X r , splits as a disjoint union of discs, each of which maps 
isomorphically onto D(oo, s). The contention is an immediate consequence. □ 

Remark 3.3.7. We should also mention that, if M is a A [7r(0)] -module of length one and of 
Swan conductor zero, then we do know that M is tamely ramified. Indeed, in this case we may 
extend M to a locally constant A-module of generic length one on some Zariski open subset 
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U C A; such A-modules have been classified completely in ll23l . The assertion follows by a 
direct inspection of this classification. 

3.4. Application : the determinant of cohomology. In this section we assume that K is the 
completion of the algebraic closure of a field K which is a finite extension of Q p . Also, we 
shall take A := We, the algebraic closure of the field with £ elements, where I is a prime number 
different from p. 

3.4.1. Notice first that the /ioo-torsor Jzf of (12.31) is already defined over Q p . The associated 
A-module of (12.3.11) is not necessarily defined on the etale site of (Aq^) 84 , but we wish to 
show that there exists an integer N E N, depending only on £, such that Jf^ carries a natural 
action of Gal(Q p /Q p [// p jv]). Indeed, set 

N := max(l, v p (£ — 1)) K N := Kq[h p n\ S n := Spa(A^v, Kjj) 

where v v : Z — ► N U {+00} is the p-adic valuation. It is easily seen that there exist natural 
isomorphisms of Galois groups 

(3.4.2) G p := Gal(Q p (/i p00 )/Q p [/i pJV ]) A Z p A G e := Gal(F^=o]/F^])- 
Let Z denote the profinite completion of Z; under (13.4.21) . the surjection 

(3.4.3) Z A Gal(A/F^[/i p jv]) -> G e 

is identified with the natural projection Z — ► Z p , and the latter admits a natural (continuous) 
splitting Z p — > Z. This means that there exists a (continuous) group homomorphism 

(3.4.4) C7 P -»■ Gal(A/F £ [/yv]) a^a 

whose composition with (|3.4.3I) equals (13.4.21) . Let us denote by A the field A, endowed with the 
Gp-action given by uj. Then the constant A-module As on the etale site of S is correspondingly 
endowed with a system of isomorphisms 

<7a : cr s A s A5 for all a E G p 

(where a s : S ^ S is the isomorphism deduced from the automorphism a of K) that amount 
to an action of G p on this sheaf, such that 

0"a(oA) = a (a) ■ <Ja(\) 

for every a E G p , every etale morphism U — > S 1 , every A G a s As(U), and every a G A. In 
other words, the action of G p on Ag is semilinear. 

On the other hand, Jzf is endowed with a corresponding action of Gal(Q p [/i 
system of isomorphisms 

a % : cr* 1^ ^ Jz? for all a E G p 

(where cr A ^ : (A^-) ad ^> (A# ) ad is induced by o) compatible with the same action on /z p0 o, i.e. 
such that 

= o-(C) • o-jsr(s) 

for every ( E jj p oo and every local section s of a* Kl J£. It follows that we may endow with 
the action 

flpoo 

0% x cta : &ai -£%p f° r a ^ c £ G p 

which again, shall be semilinear, relative to the action of G p on A. 
These consideration lead us to make the following : 
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Definition 3.4.5. Let X N be any SV-adic space, and set X : = X N x Sn S. The group H K := 
Gal(Q p /i£o[/V v ]) acts on X, and for every a E Hp, let ax ■ X — > X denote the corresponding 
automorphism. A A-module on X 6t is the datum of a A-module F on X &t together with a 
semilinear action of Hp, i-e. a system of isomorphisms of A-modules 

a F : a* x F ^ F for all a E Hp 

such that 

a f{cls) = a (a) ■ ap(s) 

for every a E A and every local section s of a* x F (here a denotes the image under (13.4.41) of 
the projection of a in G p ), and such that 

Tp o r x (a F ) = (t o a) F for every r, er e 

The category of locally constant A-modules of finite type on X& shall be denoted Ax-Modi oc . 

Example 3.4.6. In the situation of definition I3.4.5L let F N be any F r module on X N ^ t , and 
denote by ixx ■ X — > Xx and %s '■ X —> S the natural projections. Then the sheaf ir x Fx 
TtgAs carries a natural structure of A-module (details left to the reader). 

3.4.7. Let X N and X be as in definition 13.4.51 Since we shall be working with vanishing 
cycles, we need to add Galois equivariance to our geometric constructions of sections [2T| and 
12.21 We use a method that works under the assumption that X admits a A^v-rational point; this 
is sufficient for our purposes. Namely, for every locally algebraic covering / : Y — > X, and 
every a E H K , denote Y a the fibre product in the cartesian diagram : 

cry 

ycr 



X — -X. 

Clearly f a is a locally algebraic covering as well, and the rule / i— > f°~ defines an automorphism 
of the category Cov loc alg (A). We fix now a geometric point £ : S — * X, whose image is a 
if TV-rational point. From £ we deduce a cartesian diagram : 

Y a x x S >- Y x x S 



<JQ 

S -5 

whence a natural bijection : 

u Y , a : Fz{Y°) ^ FtOO 

such that 

u>Y tT ° UJ Y T ,a = ^>y,tou for every r,a E H K . 

Next, for every g E tti(X, £), let gy : F^(Y) — >• F^(Y) be the corresponding bijection; we 
define an automorphism 

by the rule : 

^cr(5')y := ° 9y° ° ^y> 
for every g E 7rj° c ' alg (X, £) and every locally algebraic covering Y — > X. Notice that 

{l- 1 H(Y,y) = H(Y°,u JY ] 7 m 
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for every open subgroup H(Y, a) as in (|2.1.4I) ; especially is a continuous map, for every 
a G Hjc, and the reader may check that the rule a tt a defines a group homomorphism : 

n : H K -> Aut(7rl oc - alg (X,0) 

and we define the arithmetic (locally algebraic) fundamental group of X N as the semi-direct 
product of groups arising from f2 : 

n\ oc ^(X N ,0 := n l r al8 (X,0 x a H K . 

3.4.8. Let E be a set, and p : n 1 ^'^ (X N , — > Aut(E) a representation. We shall say 
that p is continuous if the same holds for the restriction of p to the subgroup S (X, £). 
Likewise we may define continuous representations of irf c ' as (XN, £) in A-modules : namely, 
these are continuous in the foregoing sense, and moreover they are semilinear for the action of 
7r|° c alg (X7v, £) on A induced via the projection onto H K . The category of continuous represen- 
tations of 7i° c ' ajg (X^,^) on A-modules of finite type shall be denoted 

A[7rl oc - alg (A JV) 0]-Mod f . cont . 

Lemma 3.4.9. Let X^ and X be as in definition 13.4.51 and suppose furthermore, that X is 
connected. We have : 

(i) Let F be any locally constant A-module on X& t . The 7rj° c ' alg (X, £) -action on extends 
naturally to a (continuous) semilinear action ofn° c ' as (X^,C,). 

(ii) More precisely, the rule F i— > F% defines an equivalence of categories : 

A x -Mod loc A A[7ri oc - alg (A iV ,0]-Mod f . cont . 

Proof. More generally, let E be any (discrete) set, endowed with a continuous left action p 
of 7r!° c ' alg (X, £). By proposition 12.1 .61 the set E corresponds to a locally algebraic covering 
Y — > X. Suppose now that Y is endowed with an action of Hk covering the action on X; this 
means that we have a system of isomorphisms of X-adic spaces : 

oy : Y u — > Y for every a G i/^ 

compatible as usual with the composition law of if^-. Under the identification co Y)(T , the left 
action p CT of 7rJ° calg (A, £) on F^(F CT ) is none else than p^ CT , i.e. 

Ar(flO = P ° for ever y e 7rl° c ' alg (A, £). 

On the other hand, ay corresponds to an isomorphism t a : F^(Y a ) ^> F^(Y) of sets with left 
7rj° c alg (X,£) -action; under the identification u> Y ,a, the bijection t a becomes an automorphism 
of the set E, such that 

K o p(g) = Pcr (g) o t a for every g G 7ri° c - alg (A, £). 

Therefore, we obtain a continuous action of Tr l ° c ' ag (XN, 6) on E by the rule : 

(g, a) i ► pQ?) o t CT for every <r G ^ and g G 7rl° c ' alg (A, £)• 

By reversing the construction, it is clear that from such an action we may recover a locally 
algebraic covering Y of X, together with a compatible system of isomorphisms a Y as above. In 
view of the equivalence (12.1.151 ), the same argument applies unchanged to A-modules, whence 
the lemma. □ 

We need also to check the effect of a change of base point. This is the same as in the algebraic 
geometric case; namely, we have : 
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Lemma 3.4.10. Let X and Xn be as in lemma &A~9\ Let also £, £' : S — > X be two geometric 
points whose images are K N -rational points. Then there exists an isomorphism of arithmetic 
fundamental groups : 



7Ti 



locale 



Proof. In light of claim I2.177I we have an isomorphism b : F$ A of fibre functors, inducing 
an isomorphism 



7T 



loc.alg 



/3:vri oc - alg (X,0 
We claim that the rule 

(<?, a) i ► (/%), a) for every g G n'° c ^(X, f) and a G H K 

defines an isomorphism as sought. Indeed, let 

Aut(7rl oc - alg (X,£')) ^- H K Aut(vrl ocalg (X,0) 



denote the homomorphisms as in (I3.4.7I) . associated to £ and respectively The assertion 
comes down to the following : 

Claim 3.4.1 1. Q' a o (3 = (3 o for every a G 

Proof of the claim. By inspecting the constructions, we get the following (non-commutative!) 
diagram of sets : 



F^)^F^Y) 



My) 



<:IY 



P(9y) 



My) 



(where u' Ya is the natural bijection that yields fl') for every g G 7rj° c ' alg (X, £), and every locally 
algebraic covering Y — > X. The diagonal maps are given by the isomorphism b. The right and 
left subdiagrams commute, and the assertion will follow, once we know that the upper (hence 
also the the lower) subdiagram commutes as well. However, arguing as in the proof of claim 
|2.1.7| we may find a quasi-compact connected open subset Un C X N such that U := Un x s n S 
contains the images of £ and and we may assume that b comes from an isomorphism of 
fibre functors Fu^ ^ Fug for the categories of locally algebraic coverings of U (notice that 
U is connected, since Un contains -rational points). Hence, we may replace X N by Un, 
and therefore assume from start that X N is quasi-compact, in which case Cov loc alg (X) is the 
category of ind-objects of Cov alg (X) (remark [2X2tv)), and under this identification, both F^ 
and Fg are natural extensions of fibre functors on Cov alg (X). 

By the general theory of |[T3l Exp.V], we may find a fundamental pro-object 

P.:=(P H \HCn^(X,0) 

indexed by the family of open normal subgroups H of 7r alg (X, £), and an automorphism 6. : 
P, P, inducing b. The latter condition means that F^ and are both isomorphic to the 
functor 

(Y X) i-f Hom x (P„ Y) : = colimHom x (P H , Y) 

H 
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and under this identification, b becomes the automorphism of Homx(-P., Y) given by the rule : 

((p:P H ->Y)\-+<pob H for every H C 7if g (X, £). 

On the other hand, both uj Yy(T an d oj' Ya get identified with the mapping : 

Hom x (P„ Y°) A Horn* (P., Y) (<p : P H -> K(a y o V : P„ a(fl) -> F). 

Thus, the commutativity of the upper subdiagram comes down to the assertion that composition 
on the left commutes with composition on the right, which is obvious. □ 

Remark 3.4.12. (i) It is also easily seen that any two "geometric" isomorphisms of our arith- 
metic fundamental groups (i.e. those arising from isomorphisms of fibre functors, as in the 
proof of lemma 1X4.101 ), differ by an inner automorphism. 

(ii) A purist might prefer to define the arithmetic fundamental group more directly, as the 
automorphism group of a fibre functor for the category of locally algebraic coverings of Xn- 
This is the approach taken in |fT8ll . However, our method allows to prove rapidly the basic 
properties one needs, and avoids certain technical issues. For instance, basically by decree, our 
fundamental group sits in a short exact sequence 

i _> Trf^pr.o - 7rl oc - alg (X^,0 - H K -> 1. 

As de Jong points out, the corresponding sequence for his fundamental groups is right exact, 
but it is not clear whether it is also left exact ([18, Rem.2.15]). 

(iii) On the other hand, [18 ] obtains automatically a topology on the arithmetic fundamental 
group, whereas we do not try to define a topology for our groups (only the kernel of the projec- 
tion onto H K is endowed with its usual topology). Alternatively, one may say that our approach 
replaces the profinite topology of H K by the discrete topology. 

(iv) Notice that the "geometric" isomorphisms of lemma 13.4.101 are compatible with the 
projection onto Hk, in the obvious fashion (details left to the reader). 

3.4.13. Let A and D be as (|2.3.3I) . and fix as usual a global coordinate x on A^ . If z G 
D(K N ) is any .fT/v -rational point, there is also a version of definition [3A5] for A [^(z)] -modules 
: indeed, for such z, and every e > 0, we have 

0(*,e)* = B N {z ,e)* x Sn S where B N {z ,e)* := {* G (A^) ad | < \x(t) - z \ t < e} 
(and z G A^ is the projection of z). We have then the group 

tt(^) :=^r\^N{z^e)\i) 

(for some choice of fGv-rational geometric point £ of H)(z,e)) and the corresponding cate- 
gory A[7r(z , £)]-Modf. CO nt of continuous semilinear representations of 7r(z , e) into A-modules 
of finite type. For e' < e we may pick (thanks to lemma 13.4.101) a group homomorphism 
n(zo, e') — > n(z , e), well defined up to inner automorphisms, and we may define the category 

A[7r(^ )]-Mod 

as the 2-colimit of the system of categories of A [it (z , e)} -modules of finite type (where the 
transition functors are induced by the foregoing group homomorphisms), as well as its subcat- 
egory A[7r(zo)]-b.Mod of A[7r(zo)]- mo d u l es with bounded ramification. The usual operations 
for modules extend to A[7r(zo)]-modules of finite type; especially, we shall denote 

det : A[vrOo)]-Mod -> A[7r(>o)]-Mod 

the determinant functor, that assigns to any object M of A[7r(z )]-Mod its highest exterior 
power Ap M (where d is the length of M). 
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3.4.14. We may now add Galois equivariance to our nearby and vanishing cycle functors. 
Indeed, let X N and X be as in definition 13 .4.51 Also, let /jy : X N — > H) n (zq, e) be a moronism 
of Sjv-adic spaces, and set / := fx x Sn S. We use the notation of (12.2.11) . and set as well 
Xh '■= Ch ><b(z,£) X for every open subgroup H C tt{z,e). By inspecting the definitions, we 
find, for every such H, and every a E H K , a commutative diagram 

(3.4.15) 

X ^X 

(whose vertical arrows are the projections) as well as a natural isomorphism of X-adic spaces : 

X H X a -i Ho . 

and under this isomorphism, the top horizontal arrow of (13.4.151 ) is identified with o Xh (notation 
of (13.4.71) ). Let now F be any sheaf on X&, and set F a := a* x F; we define the sheaf F on X& 
as in (12.2.11) . and by repeating the construction with F replaced by F a , we obtain likewise F a . 
Considering the diagrams (13.4.151) for varying H, and taking the colimit over the system of all 
open subgroups H of tt(z , e), we deduce a natural isomorphism : 

F a a* x F for every a E H K . 

Especially, if F is endowed with a system of compatible isomorphisms (op : a* x F A F \ a E 
H K ), then F is endowed with the system of compatible isomorphisms 

{a F :a* x F ^F\a EH K ). 
Next, for any g E n(z , e), we have a commutative diagram : 



X a -\Hu *" Xh 



(3.4.16) <(t- x 9*)x 



y 3 H 3 v 



^g-^Hga >■ ^g-^Hg 

where gx H is deduced from the morphism gn as in (12.2.11) . and likewise for the left vertical 
arrow in (13.4.161) . Recall that F carries a natural continuous action 

Pf ■ 7r(z, e) — > Aut(F). 

By unwinding the definitions, we deduce from (13.4.161) that the isomorphism ap is n(z,e)- 
equivariant, provided we endow a* x F with the action 

{a x pf° := (a* x p) o 

where VL a is the automorphism of ir(z, e) defined as in (|3.4.7I) . Arguing as in the proof of lemma 
13 .4.91 we deduce that the stalks of F over the i^Ar-rational points, inherit a natural continuous 
action of tc(z , e). Lastly, if F is any A-module on all the discussion extends to the stalks 
of R^^F, for every i E Z, in the usual way. 

3.4.17. Let Un C be a (Zariski) open subset, and z E So := A^- \Un any point. 
Let also 7r^ : A — > (A^ i) 8 * 1 be the natural projection (where A is as in (12.3.31) ). and denote by 

e(2o) the minimum of \z — z'\, where (z, z') ranges over the pair of distinct elements of tv^^zq); 
for every non-zero e < e(z ), consider the morphism 

p Z0 , E : V(z , e) := |J B(z, e)* ^ O(0, e)* 

ZG7T^ (20) 
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whose restriction to B(z, e)* is the translation x h- > x — z, for every z E tt^{zq). It is easily 
seen that V(z , e) is invariant under the action of H K on A, and p ZQi£ is iJx-equrvariant. Let 
now F be a A-module on the etale site of U := £7^ XspecXjy ^ it follows easily that 

G := P zo ,e*(-F|y(z ,e)) 

inherits from F a natural A-module structure. Suppose furthermore, that F has bounded rami- 
fication at every point of 7r^ (zq); then it follows that the A[7r(0)]-module 

has also bounded ramification (clearly this module is independent of the choice of e). 

3.4.18. Keep the situation of (13.4.171) . and let j : U — > A be the open immersion. Suppose 
moreover, that F is locally constant and constructible on U, and with bounded ramification at 
every point of D \ U; from (12.4.131) and (13.1.41) we get the natural decomposition 

^°(^m) Vao , A J^V.J ©0(0 ^°°'\^FJ ® A ^(zx') Vx , 

zoeSo yzgTr-^zo) 

Since is a A-module on A<s t , the left-hand side is naturally a A [7r(oo')] -module. Likewise, 
it is easily seen that j^ 00 ' 00 \F Vac ) is an object of A[7r(oo')]-b.Mod, and the same holds for 
each of the direct sums in parenthesis. Moreover, the decomposition is equivariant. Taking 
determinants on both sides, we deduce - in view of theorem |3.1.14r i) - the natural isomorphism 
of rank one A[7r(oo')]-modules : 

det Jf^foF))^ A deti^ 00 ' 00 '^) (Sig^det^^Wn*,) ®^V>*w 

zoGSo 

where 

5 S := a ^ F ) ' 2 for every ^ G S 

Z67T^ (Z()) 

(notation of (12.3.141) ; notice that a z (F) depends only on tta(z), hence 5 ZQ is an integer multiple 
of the trace E*^*) *)■ 

Remark 3.4.19. (i) Notice now that the (unique) tj-break of the rank one A [71- (00')] -module 
det^°°' \p^{F ) m ) is < 1 for each z E So (corollary I3.2.22I D), hence this tj-break must 
equal 0, by (12.3.181) . and therefore all these modules are tamely ramified (remark l3.3.7l) . 

(ii) Let M be any tamely ramified A [71- (oo')] -module. Then M admits a natural extension 
to a A-module on the etale site of A' \ {0'}. Indeed, let x' be a global coordinate on A' as in 
(12331) . and set 

U' N := SvecK N [x', 1/x') U' := U' N x Kn Q p . 
For every e>0we have a commutative diagram with exact rows : 

1 — 7^(0(00', e)*, — Trf z(B Kn (00', e)*, — H K — 1 



K 



where £ is a chosen f^/y-rational point of D(oo, e)*. The closed immersion of {£ } into the Dy- 
adic space B>k n {oo, e)* induces a splitting for both short exact sequences, and a A-module on 
D(oo', s)l t with finite geometric monodromy corresponds to a continuous representation p of 
71-^(0^(00', £)*,£), semilinear with respect to the action of H K on A. Then it is clear that p 
is determined uniquely by its restrictions to 7rf g (D(oo', e)*, £) and to the image of H K under 
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the fixed splitting. Our tamely ramified M is represented by a A-module G on B(oo', e)| t for 
some e > 0, and if e is small enough, the geometric monodromy of C7 factors through the image 
of the surjective map (3. Hence G yields naturally both a representation of tti(U',£) and a semi- 
linear representation of Hk, that assemble into a unique continuous semilinear representation 
of tti(U' n ,£). The latter is the sought canonical extension of M. 

(iii) Let M be as in (ii), and denote by G the canonical extension of M to a A-module on 
(A'\{0})ct- Then we may consider the stalk G t over the Kn -rational point t such that x'(t) = 1. 
We shall denote this A-module by My. 

(iv) Also, in the situation of (13.4.181 ) suppose that, for some K N -rational point z E D \ U, 
the A[7r(2;)]-module F Vz is unramified, so it extends to a locally constant A-module G on U' : = 
UU{z}; in this case, it is easily seen that G is a A-module on U', and the stalk G z is a A-module. 
With a slight abuse of notation, we shall denote by F z this A-module. With this notation, we 
may state the following : 

Theorem 3.4.20. In the situation of (13.4.181) . suppose that F Voc is an unramified A[7r(oo)]- 
module. Then there exists a natural isomorphism of rank one A-modules : 

det(RT c (U,F)[l}) ® A det(F 0O (-l)) A (g) det(J^°'~ Vo*(*%o))i- 

Proof. We proceed as in the proof of [21 , Th.3.4.2]. Taking into account (13.1.391 ) (or better, its 
dual for A-modules F on U) and lemma [372. 19[ we find a short exact sequence of A[7r(0')]- 
modules : 

(3.4.21) -> Hl(U, F) -> J^°^(j,F) Vq , -> ^(-1) -> # c 2 (L r F) ^ . 

By theorem |233gt ii), the A-module ^^(jiF) is locally constant on f/' := A' \ {0'}; set 
F' := ^^(jiF)^/. It follows from (13 .4.2 ID that (detF% , is unramified, and there is a 
natural isomorphism of A-modules : 

(detF')o' ^ det(i2r c (^,F)[l]) ® A det(F 00 (-l)) 

(notation of remark [3~.4.19f iv)). On the other hand, in view of (13.4.181) and proposition l3. 1 . lOt ii). 
we have the isomorphism of A[7r(oo')]-modules : 

(detF')^, ^ J^<«yV> w ® (g) det^ ' 000 ^^^)^) 

where5 F := 52*„eE ^itr Letj' : [/' — > A' be the open immersion; we deduce that j^(det F')® a 
J£,p(—5 F x') is locally constant on A', and tamely ramified at oo' (remark |3 .4. 19I T)). Hence the 
latter is actually (geometrically) constant on A', and since we have a natural isomorphism of 
A-modules : 

J%p{—5 F x') A A 

the theorem follows. □ 

Example 3.4.22. Let Un C be a (Zariski) open subset, F a locally constant F^-module 
on the etale site of the scheme Un, and set [/ := Un Xk n K. We may then consider the F^- 
module F ad on t/| t d obtained by pullback of F along the morphism of sites t/jf — > Un,4>u an d 
F &d ®f t A is a A-module on (example |3.4.6l ). It is well known that the cohomology of F ad 
on £/ ad is naturally isomorphic to that of F on U; hence theorem \3A. 201 yields an equivariant 
decomposition of 

det(RT c (U, F)) ® Fe det(F 0O (-l)) ® ¥e A 
as a tensor product of rank one A-modules attached to the points of A)^ \ U, and it is easily seen 
that each of the factors in this decomposition is determined functorially by the local monodromy 
of F at the corresponding point. 



HASSE-ARF FILTRATIONS IN p-ADIC ANALYTIC GEOMETRY 



57 



Remark 3.4.23. (i) The most unusual feature of example r3.4.22l is the appearance of semilinear 
Galois representations in our decomposition. This might be an artifact of our method, in which 
case a different method will eventually be discovered, yielding a more standard decomposition 
in terms of linear characters. 

Or else - and more intriguingly - it might be a manifestation of some new hybrid phenom- 
enon, partaking of both the £-adic and p-adic worlds. Indeed, on the one hand, one encounters 
such semilinear representations in the study of p-adic Hodge theory; on the other hand, both 
Hodge theory and Fourier transforms find their common roots in harmonic analysis, and the 
same can be said of Witten's proof of the Morse inequalities via stationary phase. 

(ii) According to this interpretation, our ring A (with its /f A -action) should be viewed as 
a sort of ring of £-adic (or better, ^-torsion) periods, analogous perhaps to the field C p , the 
simplest of rings of p-adic periods. It also suggests that one should redo the whole theory for 
p-adic etale coefficients, and then there should be a comparison functor from p-adic etale to 
deRham ^-factors, in the style of O. However, the technical obstacles involved seem to me too 
daunting, at present. 

(iii) If one is not interested in hybridizations of this sort, one can restrict the Galois actions 
to the closed subgroup GaX(K/ K [p, p oo]), that acts trivially on A, and hence linearly on all our 
constructions. 

Remark 3.4.24. (i) One can generalize example 13.4.221 to the case of a locally constant k- 
module on the etale site of where A; is a finite extension of F^. The only difference is that, 
in this case, the tensor decomposition shall be equivariant only for the action of a certain open 
subgroup of H K (details left to the reader). 

(ii) On the other hand, I expect that theorem [3.4.201 can be generalized by replacing A with 
more general coefficient rings; especially, with truncated Witt vector W n (A), and even with 
the completion of Qe([JLp°°). This generalization seems to be mostly a technical refinement, and 
would not bring any new insight, so I prefer to leave it to a more motivated reader. 
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